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Saket Choudhary CSCI-567 : Assignment #5

Problem 1

Problem 1: (a)

To find ∇ytL:

∇ytL =
∂

∂yt

1

2

N∑
i=1

(yi − ŷi)T (yi − ŷi)

=
∂

∂yt

1

2

N∑
i=1

(yTi yi − 2yTi ŷi + ŷt
2)

=
1

2
(2yt − 2ŷt)

= yt − ŷt

∇ytL = yt − ŷt

Problem 1 continued on next page. . . Page 3 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 1 (continued)

Problem 1: (b)

To find ∇ytL:

∇stL =

T∑
k=1

∂L

∂yk
× ∂yk
∂sk
× ∂sk
∂st

Let’s define zt = WIHxt +WHHst−1
Thus,

zk = WIHxk +WHHsk−1

sk = σ(zk)

yk = WHOsk

Thus,

∂yk
∂sk

= WHO (1)

∂sk
∂zk

= σ(zk)(1− σ(zk)) (2)

∂zk
∂WIH

= xk (3)

∂yk
∂WHH

= yk−1 (4)

∂zk
∂sk−1

= WHH (5)

∂sk
∂sk−1

=
∂sk
∂zk

∂zk
∂sk−1

= σ(zk)(1− σ(zk))WHH (6)

Let’s now consider ∂sk
∂st

:

sk depends on sk−1, sk−2, . . . s1. And hence:

∂sk
∂st

= 0 ∀ k < t

For k ≥ t:

∂sk
∂st

=
∂sk
∂sk−1

× ∂sk−1
∂sk−2

× ∂sk−2
∂sk−3

× . . .
∂sk−(k−t)+1

∂sk−(k−t)

Thus, consider a special case of t = T :

∇sTL =

T∑
k=T

∂L

∂yk
× ∂yk
∂sk
× ∂sk
∂st

=
∂L

∂yT
× ∂yT
∂sT

= (yT − ŷT )WHO

Thus,

∇STL = (yT − ŷT )WHO

Problem 1 [Problem 1: (b)] continued on next page. . . Page 4 of 16
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Let’s consider ∇stL and ∇st+1
L:

∇st+1
L =

T∑
k=t+1

∂L

∂yk
× ∂yk
∂sk
× ∂sk
∂st

∇stL =

T∑
k=t

∂L

∂yk
× ∂yk
∂sk
× ∂sk
∂st

=⇒ ∇stL = ∇st+1
L+

∂L

∂yt
× ∂yt
∂st
× ∂st
∂st

=⇒ ∇stL = ∇st+1
L+ (yt − ŷt)WHO

Thus,

∇stL = ∇st+1
L+ (yy − ŷt)WHO

Problem 1: (c)

∇WIH
L =

T∑
k=1

( ∂L
∂yk
× ∂yk
∂sk

)
× ∂sk
∂zk
× ∂zk
∂WIH

=

T∑
k=1

(yk − ŷk)WHO × σ(zk)(1− σ(zk))× xk

Thus,

∇WIH
L =

(∑
k=1

yk − ŷk)WHO × σ(zk)(1− σ(zk))× xk

where ∇skL = ∇sk+1
L+ (yk − ŷk)WHO

and zk = WIHxk +WHHsk−1

boundary condition ∇STL = (yT − ŷT )WHO

∇WHH
L =

T∑
k=1

( ∂L
∂yk
× ∂yk
∂sk

)
× ∂sk
∂zk
× ∂zk
∂WHH

=

T∑
k=1

(yk − ŷk)WHO × σ(zk)(1− σ(zk))× sk−1

Thus,

∇WIH
L =

T∑
k=1

(yk − ŷk)WHO × σ(zk)(1− σ(zk))× sk−1

where ∇skL = ∇sk+1
L+ (yk − ŷk)WHO

and zk = WIHxk +WHHsk−1

boundary condition ∇STL = (yT − ŷT )WHO

Problem 1 [Problem 1: (c)] continued on next page. . . Page 5 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 1

∇WHO
L =

T∑
k=1

∂L

∂yk
× ∂yk
∂WHO

=

T∑
k=1

(yk − ŷk)sk

Thus,

∇WHO
L =

T∑
k=1

(yk − ŷk)sk

Problem 1: (d)

Leaky hidden units:

st = (1− τ)st−1 + τσ(zt)

Thus,

∂st
∂st−1

= 1− τ + τσ(zt)(1− σ(zt))WHH

∂st
∂zt

= τσ(zt)(1− σ(zt))

For ∇WIH
L,

∇WIH
L =

T∑
k=1

( ∂L
∂yk
× ∂yk
∂sk

)
× ∂sk
∂zk
× ∂zk
∂WIH

=

T∑
k=1

(yk − ŷk)WHO × τσ(zk)(1− σ(zk))× xk

For ∇WHH
L,

∇WIH
L =

T∑
k=1

( ∂L
∂yk
× ∂yk
∂sk

)
× ∂sk
∂zk
× ∂zk
∂WHH

=

T∑
k=1

(yk − ŷk)WHO × τσ(zk)(1− σ(zk))× sk−1

For ∇WHO
L,

∇WHO
L =

T∑
k=1

(yk − ŷk)sk

=

T∑
k=1

(yk − ŷk)((1− τ)sk−1 + τσ(zk))
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Problem 2

Problem 2: (a)

D̃ =

N∑
n=1

K∑
k=1

rnk||φ(xn)− µ̃k||2

where

µ̃k =

∑N
i=1 rikφ(xi)∑N

i=1 rik

Consider, ||φ(xn)− µ̃k||2

||φ(xn)− µ̃k||2 = (φ(xn)− µ̃k)T (φ(xn)− µ̃k)

= φ(xn)Tφ(xn)− 2µ̃Tφ(xn) + µ̃T µ̃

= φ(xn)Tφ(xn)− 2

∑N
i=1 rikφ(xi)

Tφ(xn)∑N
i=1 rik

+

∑N
i=1

∑N
j=1 rikrjkφ(xi)

Tφ(xj)∑N
i=1

∑N
j=1 rikrjk

Define nk =
∑N
i=1 rik, so that it simplifies to:

||φ(xn)− µ̃k||2 = φ(xn)Tφ(xn)− 2

∑N
i=1 rikφ(xi)

Tφ(xn)

nk
+

∑N
i=1

∑N
j=1 rikrjkφ(xi)

Tφ(xj)

n2k

= K(xn, xn)− 2

∑N
i=1 rikK(xi, xn)

nk
+

∑N
i=1

∑N
j=1 rikrjkK(xi, xj)

n2k

Thus,

D̃ =

N∑
n=1

K(xn, xn)− 2

∑N
i=1 rikK(xi, xn)

nk
+

∑N
i=1

∑N
j=1 rikrjkK(xi, xj)

n2k

Problem 2: (b)

1. For given point xn calculate K(xn, xn)− 2
∑N
i=1 rikK(xi,xn)

nk
+

∑N
i=1

∑N
j=1 rikrjkK(xi,xj)

n2
k

for all possible

clusters k

2. Assign cluster to point xn using:

rnk =

{
1 k = arg mink ||φ(xn)− ũk||22
0 otherwise

where

K(xn, xn)− 2

∑N
i=1 rikK(xi, xn)

nk
+

∑N
i=1

∑N
j=1 rikrjkK(xi, xj)

n2k

and nk =
∑N
i=1 rik

Problem 2 continued on next page. . . Page 7 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 2 (continued)

Problem 2: (c)

Algorithm 1 Kernel k means

1: procedure Kernel K means

2: mu[i] = x(random(1..N)) for 1 ≤ i ≤ k . initialise cluster centroids[1..k] randomly choosing any k

points of N (Sample without replacement)

3: for i do:1 to N

4: for j do:1 to N K[i,j] = φ(xi)φ(xj)

5: end for

6: end for

r(n,k) ←− [0]

7: for i do:1 to N

8: j = arg mink ||φ(xn)− µk||2 . Use the above formula to calculate distances

9: r[i,j] = 1

10: Update muj . Recalculate centroids of assigned cluster j

11: end for

12: end procedure

Page 8 of 16
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Problem 3

Given:

p(xi) =

{
π + (1− π)e−λ xi = 0

(1− π)λ
xie−λ

xi!
xi > 0

Alternatively:

Xi =

{
0 probability = π + (1− π)e−λ

xi probability = (1− π)λ
xie−λ

xi!

We define a latent variable Zi for all cases where Xi = 0. It is latent because when we observed Xi = 0 we

do not know if it came out of the ’Poisson’ distribution or it came out the ’degenerate’ distribution(which

has a probability of 1 at point 0.). we cannot observe the following. So Xi comes out of a mixture of a

degenerate distribution as follows:

Zi =

{
1 Xi is from the degenerate distrbution

0 otherwise

p(Xi = 0, Zi = 1) = p(Zi = 1)× p(Xi = 0|Zi = 1) = π × 1

P (Xi = 0, Zi = 0) = p(Zi = 0)× p(Xi = 0|Zi = 0) = (1− π)e−λ × 1

L((π, λ)|(X,Z)) =
∏
xi=0

πzi × ((1− π)e−λ)1−zi ×
∏
xi>0

(1− π)e
λxi e

−λ

xi!

logL =
∑

I(xi=0)

zi log(π) + (1− zi)
(

log(1− π)− λ
)

+
∑

I(xi>0)

(
log(1− π) + xi log(λi)− λ− log(xi!)

)
Notation θ = (π, λ) θ0 represents a known parameter(as estimated from previous step, I don’t use explicit

indices for showing the E,M steps)

Problem 3 continued on next page. . . Page 9 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 3 (continued)

E step:

Q(θ, θ0) =
∑

I(xi=0)

EP (Z|X)[zi] log(π) + (1− EP (Z|X)[zi])
(

log(1− π)− λ
)

+
∑

I(xi>0)

(
log(1− π) + xi log(λi)− λ− log(xi!)

)

EP (Z|Xi)[zi] = 0× p(Zi = 0|X) + 1× p(Zi = 1|Xi = 0)

=
p(Xi = 0|Zi = 1)p(Zi = 1)

p(Xi = 0|Zi = 0)p(Zi = 0) + p(Xi = 0|Zi = 1)p(Zi = 1)

=
π0

π0 + (1− π0)e−λ0

Hence,

Q(θ, θ0) =
∑

I(xi=0)

π0
π0 + (1− π0)e−λ0

log(π) + (
(1− π0)e−λ0

π0 + (1− π0)e−λ0
)
(

log(1− π)− λ
)

+
∑

I(xi>0)

(
log(1− π) + xi log(λ)− λ− log(xi!)

)
M step:

∂Q

∂λ
= 0

=
∑

I(xi=0)

(1− E[zi])(−1) +
∑

I(xi>0)

(
xi
λ
− 1) = 0

=⇒ λ̂ =

∑
I(xi>0) xi

n−
∑
I(xi=0)E[zi]

λ̂ =

∑
I(xi>0) xi

n−
∑
I(xi=0) ẑi

where ẑ =
π0

π0 + (1− π0)e−λ0

∂Q

∂π
= 0

=
∑

I(xi=0)

(E[zi]

π
− 1− E[zi]

1− π
)
−

∑
I(xi>0)

1

1− π
= 0

=
∑

I(xi=0)

(E[zi]

π
+
E[zi]

1− π
)
− n

1− π
= 0

=⇒ π̂ =
∑

I(xi=0)

ẑi
n

Problem 3 continued on next page. . . Page 10 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 3 (continued)

Thus parameter updates are as follows:(subscript 1 indicates the next iteration and 0 indicates known

parameter value from previous step)

ẑ1 =
π0

π0 + (1− π0)e−λ0

λ̂1 =

∑
I(xi>0) xi

n−
∑
I(xi=0) ẑ1

π̂ =
∑

I(xi=0)

ẑ1
n

Problem 4

Problem 4.2

As seen from Figure 2, k-means algorithm fails to separate the two circles. This happens because of the

failure of the following assumption in this case: the dataset is linearly separable. The circular dataset

is not really separable, and hence the clusters returned by k-means, have a linear boundary(making two

halves of the circle)

Problem 4 continued on next page. . . Page 11 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 4 (continued)

Figure 1: Problem 4.2 Blob Dataset k = 2 Figure 2: Problem 4.2 Circle Dataset k = 2

Figure 3: Problem 4.2 Blob Dataset k = 3 Figure 4: Problem 4.2 Circle Dataset k = 3

Figure 5: Problem 4.2 Blob Dataset k = 5 Figure 6: Problem 4.2 Circle Dataset k = 5

Problem 4 continued on next page. . . Page 12 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 4 (continued)

Figure 7: Problem 4.3(b) Kernel k-means with RBF kernel creates separate clusters

Problem 4.3(a)

Choice of Kernel = RBF:

K(x, x′) = exp(−||x− x
′||2

2σ2
)

with σ = 0.1

Problem 4.3(b)

Problem 4.4(a)

Problem 4.4(b)

Problem 4 [Problem 4.4(b)] continued on next page. . . Page 13 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 4 [Problem 4.4(b)] (continued)

Figure 8: Problem 4.4(a) Log likelihood versus iteration for GMM with 3 mixtures and 5 different initializa-

tions

Problem 4 [Problem 4.4(b)] continued on next page. . . Page 14 of 16
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Figure 9: Problem 4.4(b) GMM showing most likely assignments

Problem 4 [Problem 4.4(b)] continued on next page. . . Page 15 of 16
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µi: Centroid of cluster i

σi: Covariance of cluster i

µ1 = (−0.6395, 1.4746)

σ1 =

(
0.0360 0.0155

0.0155 0.0194

)

µ2 = (0.7590, 0.6798)

σ2 =

(
0.0272 −0.0084

−0.0084 0.0404

)

µ3 = (−0.3259, 0.9713)

σ3 =

(
0.0360 0.0146

0.0146 0.0163

)
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