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Saket Choudhary CSCI-567 : Assignment #5

Problem 1

Problem 1: (a)

To find V, L:
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Problem 1 continued on next page. ..
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Saket Choudhary CSCI-567 : Assignment #5 Problem 1 (continued)

Problem 1: (b)
To find V, L:

ii Oy s
dy 0s,  Osg

Let’s define z; = Wigx: + WyHSi—1

Thus,
2y = Wrgxp + Whasip_1
sp = o(zk)
Y = WHo Sk
Thus,
Yk
25w 1
Dsp HO (1)
Dok — o)1 - o) 2)
Dz k k
8zk
— 3
Wy (3)
Oy
= _ 4
Wi Yk—1 ( )
0z
T Y~ Whn (5)
Sk—1
= — = 1-— %4 6
Bsr_. ~ 02 D51 o(zi)(1 —o(z))Wan (6)
Let’s now consider ‘3%’::
sg depends on sg_1,Sk_2,...51. And hence:
Bsk
—=0VEk<t
ast
For k > t:
sk _ Osk Osp—1 _ Osp—2 o 08k (k—t)+1
sy Osp—1 Osp—p  Osp—z  OSp_(h—y)

Thus, consider a special case of t = T':

sl =
Vor Z 8yk 85k Ds;

_ fLL « T
- Oyr ~ Osr
= (yr —yr)Who

Thus,

’VSTL = (yr —yr)Wno ‘

Problem 1 [Problem 1: (b)] continued on next page. .. Page 4 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 1

Let’s consider Vg, L and V

5f+1

kit 1 Byk 851@ 8St

T
oL 3yk 68k
s L= o
V\t kz::t Byk 8Sk x 8St
OL 8yt 8st

— Vol =V, Ltgoxghx gt

= vSt,L = v3t+1L + (yt yt)WHO

Thus,

VérL V5z+1 (yy - yt)WHO ‘

Problem 1: (c)

8L 8y;€ 6s;€ 8Zk
L= —r
VWIH Z ﬁyk 8Sk ~ 3Zk x 8W1H

T
Z Uk — Ye)Wrho x o(z)(1 — o(21)) X xy,
k=1

Thus,

(

Vwyl = Zyk —U)Who X o(z)(1 — o(2k)) X @
k=1

where V,, L=V, L+ (yr — yx)Wro
and z, = Wigxr + Wygse_1

boundary condition Vg, L = (yr — yr)Wrho

8L 6yk 8Sk 6zk
L = _
VWHH Z 8yk 8sk x 8zk x 8WHH

!

Z Yk — Ye)Who x o(zk)(1 —o(2k)) X sp—1
=1

Thus,

T

VwyL = Z(yk — ) Who x o(z)(1 — o(z)) X sp—1
k=1

where V,, L=V, . L+ (yr — yx)Wro
and z, = Wiz, + WaHSkE-1

boundary condition Vg, L = (yr — yr)Wgo
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CSCI-567 : Assignment #5 Problem 1

T
8L 8yk
L= 2
VWi Z:: oy Wro
T
= (yk — U)sk
k=1
Thus,
T
VinoL =Y (yk — Uk)sk
k=1

Problem 1: (d)

Leaky hidden units:

Thus,

For Vw,,, L

For Vw,, ., L,

For V. L,

st =(1=7)84—1 +70(2t)

08¢
051
Os;
0z

=1—7+4+70(2)(1 —0(2))\ Wy

=710(2t)(1 — 0(2t))

oL 0Oy 0sy, 0z

T
p— k —_
VWIHL B ]; (6yk 6sk) x 8Zk x 8W1H

I
[M]=

(Yk — Yk)Wrho x 1o (zk)(1 — o(2k)) X i

=
Il
—

oL Ouky, 9%k O
Oyr,  Osy’ 0z, OWgn

I
[M]=

(

VVVIH
k

1

I
Nk

(Yr — Yr)Wrao x To(zk)(1 — o(2x)) X k-1

~
Il

1

T
VwuolL = Z(yk - yAlc)Slc
k=1

Mﬂ

(yr — Yr) (1 = 7)sp—1 + 70 (2))

k=1

Page 6 of 16




Saket Choudhary CSCI-567 : Assignment #5

Problem 1

Problem 2

Problem 2:

(a)

_ N K
D:ZZTWkHQS 'Tn .[Zk|‘2

n=1k=1

where N
~ } :i:l 7”11415(%)
fp = ==

Zﬁil Tik

Zijil Tik

Define n;, = Zfil rik, So that it simplifies to:

N
b)) — 22z T B(En)

Consider, ||¢(x,) — pik|?
p(2n) — tikl]® = (B(an) — fix) " (d(xn) — fix)
= ¢(n)T ¢(xn) — 20" P(xn) + " fi
= () b(n) — 2Zij\;1rik¢(1’i)T¢(xn)+Ei]ilzy:ITikrjk¢(xi)T¢($j)

Z, 12] 1T1krjk¢(xt) ¢( )

N N
>izt Zj:l TikT jk

p(zn) — finl|* =

n

= K(xp,z,) —

) 2Zfi1mK(xi,xn) Sy S ke K (i, )

n;,

N

Thus,

N N
Dim1 2jr TikT ik K (@i, 1)

nk

i zﬁil rik (@i o)

(En,l'n n
k

n=1

2
Ny,

Problem 2:

(b)

N . .
1. For given point z,, calculate K (x,,z,) — 92im Tk (@iaa) |

i Y rikrin K (wiw;)

nk
clusters k

2. Assign cluster to point x, using:

1
Tnk =
" {O otherwise

where

k = argming, [|¢(2,) — |3

N N
Doim1 2= Tkl K (T4, 75)

for all possible

2
n

N
- oria K (x, xy,
Zl—l k ( )+

Knan_Q
(20, 2) -

N
and ng =Y, Tik

2
g,

Problem 2 continued on next page. ..
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Saket Choudhary CSCI-567 : Assignment #5 Problem 2 (continued)

Problem 2: (c)

Algorithm 1 Kernel k means

1: procedure KERNEL K MEANS
2: mufi] = x(random(1..N)) for 1 <¢ <k b initialise cluster centroids[l..k] randomly choosing any k
points of N (Sample without replacement)

3 for i do:1 to N

4: for j do:1 to N K[i,j] = ¢(x;)d(x;)
5 end for

6 end for

r(n,k) «— [0]
7 for i do:1 to N

8: j = argminy ||¢(x,) — prl? > Use the above formula to calculate distances
9: I‘[i,ﬂ =1

10: Update mu; > Recalculate centroids of assigned cluster j
11: end for

12: end procedure
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Saket Choudhary CSCI-567 : Assignment #5 Problem 2

Problem 3
Given:
(:) 74+ (1—-me> z;,=0
p\r;) = T, —
(1—m)As z; >0
Alternatively:

ATie” A

X, — 0 probability = 7 + (1 — m)e™?
' z; probability = (1 — )2 5—

We define a latent variable Z; for all cases where X; = 0. It is latent because when we observed X; = 0 we
do not know if it came out of the "Poisson’ distribution or it came out the ’degenerate’ distribution(which
has a probability of 1 at point 0.). we cannot observe the following. So X; comes out of a mixture of a

degenerate distribution as follows:

7 {1 X is from the degenerate distrbution

0 otherwise

p(Xi=0,Z;=1)=p(Z;=1)xp(X; =0|Z; =1) =7 x 1
P(X;=0,Z;=0)=p(Zi=0) xp(X; =0/Z; =0) = (1 —m)e * x 1

L((m, M|(X,Z)) = H 7% x (1 —m)e )72 x H (1- 77)6%
x;=0 z; >0
log L = Z zilog(m) + (1 — z;) (log(1 — m) — A)
I(z;=0)
+ Z (log(1 — m) 4 x;log(A;) — A — log(;!))
I(x;>0)

Notation 6 = (7, A) 0 represents a known parameter(as estimated from previous step, I don’t use explicit

indices for showing the E,M steps)

Problem 3 continued on next page. .. Page 9 of 16



Saket Choudhary CSCI-567 : Assignment #5 Problem 3 (continued)

E step:
Q(9 9() Z EP(Z\X)[ZZ] log( ) (1 —EP(Z‘X)[ZZ])(IOg(l—ﬂ')—)\)
I(xz;=0)
+ Z (log(1 — m) + 2;log(A;) — A — log(z;!))
I(xz;>0)
Epzixylzi] =0xp(Z; =01X) + 1 x p(Z; = 1|X; = 0)
B p(X; =0|Z;, =1)p (Zzl)
p(X; =0|Z; = 0)p(Z; = 0) + p(X; = 0|Z; = 1)p(Z; = 1)
o + (1 — 7T0)€7/\0
Hence,
o (1 — mp)e?o
= 1 log(1 —m) —
Q(aa 90) I(Z;O) o + (1 _ 770)67)‘0 Og(ﬂ-) + (7TO + (1 _ 71'0)6 Ao )( Og( 7T)
+ Z (log(1 — m) + @;log(A\) — A — log(z;!))
I(x;>0)
M step:
2Q
o !
= > (—EDEED+ D (y -1)=0
= 5\ = Zl(mi>0) L
n-— Zl(zi:O) Elz]
5\ _ ZI($1>O) Ty
n-— ZI(M:O) Zi
where 2 = o
h o + (]. — 71'0)67)‘0
2Q
o "
B Elz;] 1-E[z] r
_Z(ﬂ' 1—m )_Z 77r_0
I(z;=0) I(z;>0)
_ Elz]  Elz] no_
- Z ( s * 1-— 7r) 1—m 0
- T = —
n
I(x;=0)

A)

Problem 3 continued on next page. ..
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Saket Choudhary CSCI-567 : Assignment #5 Problem 3 (continued)

Thus parameter updates are as follows:(subscript 1 indicates the next iteration and 0 indicates known
parameter value from previous step)

"~ o+ (1 —mp)eHo

5\ N Zl(ml>0) Ti
11— < <
n-= Zl(mzo) 1

. Z
= =
n

Problem 4

Problem 4.2

As seen from Figure 2, k-means algorithm fails to separate the two circles. This happens because of the
failure of the following assumption in this case: the dataset is linearly separable. The circular dataset
is not really separable, and hence the clusters returned by k-means, have a linear boundary(making two
halves of the circle)

Problem 4 continued on next page. .. Page 11 of 16
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CSCI-567 : Assignment #5

Problem 4 (continued)
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Figure 1: Problem 4.2 Blob Dataset k = 2

x2

08

0.6

04

02

k-means | Blob dataset | K=2

-0.5 0 05 1 15

Figure 3: Problem 4.2 Blob Dataset k = 3
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Figure 5: Problem 4.2 Blob Dataset £ =5
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Figure 2: Problem 4.2 Circle Dataset k = 2

151

05

k-means | Circle dataset | K=2

° e
? °
3o
47
E X
,;{. . o.. (.r ) . 8 o8
o8, W{’»{}@ e y c?'
h U o e ™
'o:;. R '.'.4"0

Figure 4: Problem 4.2 Circle Dataset k = 3
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Figure 6: Problem 4.2 Circle Dataset k =5

Problem 4 continued on next page. ..
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Saket Choudhary CSCI-567 : Assignment #5

Problem 4 (continued)

Kernel k-means| RBF sigma=0.1 | Circle dataset | K=2
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Figure 7: Problem 4.3(b) Kernel k-means with RBF kernel creates separate clusters

Problem 4.3(a)

Choice of Kernel = RBF":
K(z,2") = exp(

with o = 0.1

||z —

202

/HQ

)

Problem 4.3(b)
Problem 4.4(a)
Problem 4.4(b)

Problem 4 [Problem 4.4(b)] continued on next page. ..
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Saket Choudhary CSCI-567 : Assignment #5 Problem 4 [Problem 4.4(b)] (continued)
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Figure 8: Problem 4.4(a) Log likelihood versus iteration for GMM with 3 mixtures and 5 different initializa-
tions

Problem 4 [Problem 4.4(b)] continued on next page. .. Page 14 of 16
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CSCI-567 : Assignment #5 Problem 4 [Problem 4.4(b)] (continued)
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Figure 9: Problem 4.4(b) GMM showing most likely assignments
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Problem 4 [Problem 4.4(b)] continued on next page. ..
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Problem 4

wi: Centroid of cluster 4
o;: Covariance of cluster ¢

11y = (—0.6395, 1.4746)

. _ (00360 0.0155
17 10.0155 0.0194

112 = (0.7590,0.6798)

(00272 —0.0084
27 \-0.0084 0.0404

ps = (—0.3259,0.9713)

. _ (00360 0.0146
37 \0.0146 0.0163
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