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Saket Choudhary MATH-578B : Assignment # 2

Problem 1

Define h(w) to be an indicator function:

Now consider E[h(W)]:

E[h(W)] = P(W € A) x 1+ P(W ¢ A) x —1
=PWeA)—(1-P(WeA)
=2P(W e A) -1 (L.1)

Similarly,

EWZ)] =2P(Z € A) —1 (1.2)

where A € Z+
From (1.1), (1.2)

2
)| =2|P(W € A) — P(Z € A)
)| = 2mazacz+|P(W € A) = P(Z € A)]
=2lPW =0)-P(Z=0)+PW=1)—P(Z=1)+-]
=>"|P(W =k)— P(Z=k)|

k>0

E(h(W)) — E(W(Z)) = 2P(W € A) — 2P(Z € A)
|
|
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Saket Choudhary MATH-578B : Assignment # 2 Problem 1

Problem 2

w = 11011011
Periods: P(w) ={pe{1,2--- ,w—1}:w; =wi4,} Vi€ {1,2...w — p}
Wi = Wy Wy = Ws; W3 = We; . .. W5 = Ws

w1 = wry
w1 = Wsg
Thus

P(w) ={3,6,7}
P(w) = 6 can be written as multiple of P(w) = 3 and hence the principal period
P() ={3,7}

The mean (n — w + 1)u(w) using poisson approximation for the number of clumps is given by: P(w) —
Epep(w’) p(w(p)w)

w = 11011011
P(w) = {3,6,7}
P(w) =1{3,7}

w(w) = P(11011011) — P(110w) — P(1101101w)
=1°¢* = p*4(0°¢*) - P°¢* (1°¢?)
=% (1 = ¢ = p°¢*)
And hence the mean of the poisson approximation is given by (n — 7)p®q¢?(1 — p?q — p°¢?)
where C is the even that there are j consecutive occurrences of w starting at that particular location.
C; = {w(pl)w(p“') . w(pﬂ'*lw)} where p; is a principal period of w. and the mean of this process is given
by pj(w) = P(C;) = 2P(Cj41) + P(Cjy2)
P(C}) calculation:
Let there be kw® and j — 1 — k with w(") among the first j — 1 occurrences of w starting at i. The
probability of this is (321) (p2q)F (p°q?)?—1=F
Thus,
j—1
P(C) = Plw) Y (P(w®)* (P(uw™)='~
k=0
_ p6q2(p2q + p5q2)]—1
= pP g 1+ pPe)
P(Cl)=p
P(C2) =p°¢*(1+p’q)
P(C1) - P(C2) = p°¢°(1 - p’q — p°¢°)
pj(w) = pP P 1+ pPg) (1 = 2p%q(1 + pq) +p'¢* (1 + p°9)?)

6 2
q
8

Given a clump, rhe number of occurrences of w can be approximated by:
P(Li=j)==" "~
' 2121 fj (w)
_pHT T (14 pPe) (1 — 2p%q(1 + pPq) + p* P (1 4 p*9)?)
Po¢*(1 - p*q — p°¢?)
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Saket Choudhary MATH-578B : Assignment # 2 Problem 2

Exercise 6.1

Expected number of apparent islands = Ne=¢(1=9) = ¢ge—c(1-0)

where g = % (since cg — o0) as g — o0

f(e) = g~
Bg(cc) = g(efc(lfe) + —c(1 9)670(179)) =0
= 1—-c¢(1-0)=
F=01-6)"

and the maximum number of apparent islands is Ne=¢ (1=¢) = Ne=1 = %6’1(1 —6)1

Exercise 6.5

From our solution for Ezcersice6.1 we see that the the maximum number of apparent islands occur at
c¢* = (1 —0)"! Now ¢ was defined to be the expected number of clones covering a point. and c* is the
maximum number of clones arranged such that no two clones overlap.(overlap if at all is less than 6)
Then the maximum number of islands at any point would be ceil((1 — 0)~!) = 1 + max{k : k integer, k <

1-0)""}

Excercise 11.14

Stein equation: (Lf)(z) = Af(z+1) —zf(z) and W =3>"" | X;

E((Lf)(W)) =0

And Z ~ Poisson(E(W))

Since X, is iid. Note: J; = {i} i.e since this is an iid scenarios, the only dependent variable to X;, is X;
itself (this requires p to be # 0 and # 1)

bi=> Y EX)EX;)=> p*=np’

il jeJ; =1
by=> Y EXX;))=> > EXX;)=0
icl i#£jeJd; v i£JEL

And hence, by Theorem 11.22:

1—e"A
W = 2]| < 2np? ——= < 2mp?

where EZ = EW = X
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Saket Choudhary MATH-578B : Assignment # 2 Exce

rcise 11.14

Exercise 11.10

i+t—1

X;= ][ b,
j=1
W=> X,

el

I={1,2,...;,n—t+1}and J;={jel:|i—j| <t}

EW=X=(Mn-t+1)pt

Since p < 1 define ¢ =1/p

Now, EW = "*thl and as n — oo In order to prevent EW — oo, we make ¢t — n when n — oo

i—(t-1)<j<it+(t-1)
br=> p' x((2t—2)+1)p' = (n—t+1)(2t — 1)p*

by = Zp(2t72)+1 _ (n —t+ 1)p2t71

Now, Let ¢ = 1/p

12t -1
lim by = lim Pt D=1

n—00 n—00 q*

_2n—t+ D)+ (=Dt -1) Using LHospital Rule
¢*'In(q)

2n — 4t + 3
q* In(q)

Thus, for b; to be finite, t — n/2 as n — oo
and similar is the case for by. Thus for t — 0o, by, by are both bounded and infact by,b, — 0 as

t—n

noo or as
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