MATH-501: Homework # 1

Due on Wednesday, February 11, 2015

Saket Choudhary
2170058637



Saket Choudhary

MATH-501 : Homework # 1

Contents
Problem # 1

la

Page 2 of 4



Saket Choudhary MATH-501 : Homework # 1

Problem # 1

la

sinz = po + p1x Consider ||sin(z) —p1z —p+ 0|, = f_ll (sin(z) — prz — po) dz
In order to find, p1,po we consider partial derivatives

d 1

. 2
— sin(x) — prx — dr =20 1
el (sin(z) — p1z — po) (1)
and
d [ 9
o (sin(z) — p1z —po) dx =0 (2)
Po J-1

Using Liebnitz’s formula in 1: fil 2(—x)(sin(x) — p1z — po)dz = 0 = fil x.sin(z) — p12? — poxrdr =
0 = —x.cos(x) |£1 + f_ll cos(z)dx — 282 = 0 Thus, p1 = 3(sin(1) — cos(1))

Similarly using Leibnitz’s ruke on 2: f_ll 2(—1)(sin(x) — p1z — po)dx =0 = pg = 0 (The first two terms
are odd terms and hence integrate to 0)

po is also justified since sin(x = 0) = 0 Hence sin(z) = 3(sin(1) — cos(1))z

1b

Taylor approximation(degree 3) around t = 0: po(t) = sin(0) + %,(O)(x -0)! + %w +
3
—cos(Ogl(w—O) 1+ Ry
pa(t) =1t — g—?; + R4(t) where Ry is o(t*) remainer term.
1c
Given f(t) at t = —1, 31, £, 1 we fit a degree3 polynomial for sin(x) using Legendre Polynomials.
sin(—1) = —sin(1) and sin(5') = —sin(3)

Now, lo(z) = SERERED — 2004 D@ — §)(z - 1)

3
+1)(z—1)(z—1
hz) = Ciaitn = f@+ D@ - §)@-1)

x+1 :erl x—1 _
la(2) = CEES = @+ D+ )@ - 1)

x+1)(x y(pg—1
() = o = Kl e+ HE - )
sin(x) = Z?:o tixl;(x)

Thus sin(z) = (—sin(1))lo(z) + (—sin(3))l1 (x) + sin(3)lz(z) + sin(1)l3(z)
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(continued)
2
Given: uy = 1,us = z,u3 = 22 w;(z) = ”?H where v; is given by: v; =u; =1
_ (uz2,v1)v _ (u3z,v1)v (u3z,v2)v
vy = up — St vg = ug — St — S
1
d
1 2?2 (z—1)da
vy = a2 — (fo x?dx + (v — %)7};;30&?%)231; =z —x+ %
Similarly, w; =1
S1
Wo 12
2ﬁ 1
w3 = z _I1+g
180
3 1 1 1
Pf=3"7 [(fiw)w; = (f; vVodz)l + ( fo — 3)dz)(z — 3) fo r(2? —x+ )dx)(x —x+ )
Pf=24+2(z-1)+FH(*-2+3)

By Weierstrass’ approxmiation theorem for e > 0 there exists a polynomial p(z) such that || p — f||
maz|f(z) — p(z)| < e while a <z < b [E,(f)| = |En(f) — En(p)]

= | fol (z)dx Z:L 1 w; f ()]

= Jo f@)do = g playde + XLy wiplwi) = Sy wif (@)

|fo () —p(x ))d$+21 1w2( (w5) = fla0))]

Thus,
Ea(H)l = o (f (2))dz + 321 wip(e:) — f(xi))| (Since, Ey(P) =0
Applylng trlangular mequahty,
)<= Jy I(f p(a))lda + 325 wil (p(zi) — fE))l =[P = fllo + P — fllo <€
Thus

| p— fllo < 5 and hence there exists a N > 0 such that |E,(f)| < e whenn > N
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