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Independent RV P(X =2,Y =y) = P(X =2)P(Y =y)ior P(X € A,Y ¢ B)=P(X € A)P(Y € B)
EX]=Y_,2P(X =z)or E[X] = [af(z)dz

Variance = E[(X — p)?] = E[X?] — (E[X])?

Cov(X,Y) = E[(X — jux)(Y — py)] = E[XY] — E[X]E]Y]

Independence = Cov =0

Cov =0 does not = Indepennce. Example: X = {—1,0,1} and Y = X2

Indicator variable: E[I,] = P(I, = 1)

Moment generating function: (t) = E[e!¥]

W = 4 [ et f(a)dw = [ ze'® f(x)dz Thus, 3’ (0) = B[X]

Y (t) = E[X?]
Yr(t) = E[X"]
Example: Two gaussian Rv. X,Y, Z = X +Y My = E[e!X+Y] = E[e!X|E[e!Y] = ¥x (t)y (t) = ehat+3os o

ehvtt30y _ ghattiyttg(os+o})

Joint MGF: ¢)(ty,to, ..., t,) = E[eXi tiXi]

2.1 Conditional distrbituion and conditional expectation

E[X1 4+ XolY =y] = E[X1|Y = y| + E[Xs|Y = y]

2.2 Conditional expectation as r.v

Y - discrete r.v.

X - discerte r.v

BX|Y =y] =3 aP(X]Y =)

h(y;) = E[X]Y = y;] soh(Y) is like ar.v.

Elh(y)] = > hm)P(Y = i) = L EX]Y = y|P(Y =wi) = 32,222, P(X = a5]Y = yi)P(Y = i) =
ZiijjP(X:xJa =y;) = Z > P(X =)

2-1



Lecture 2: Aug 25, 2016

Smoothing property: E[E[X|Y]] = EX

E[EX|Y]] = [ EX|Y = y]f(y)dy

I—1A—B2-/3

P(Z=i)=p E[D|Z = i] = d; — E[D] = E[E[D|Z]] = ¥ pid;

2.3 Probability inequalities

Markov’s inequality: X is non negative RV X > 0 then for a > 0, P(X > a) < E[X]/a

Proof. E[X] = [[% af(x)dx = [ af(x)dx + [° af(x)de > [ xf(x)de > aP(X > a) Alter. X > ala
Chebychev’s Inequality: X is r.v. with mean p and var = o2
P(IX — p| > a) < 0%

Proof: Y = (X — p)? P(Y > a?) < EY/a?

Jensen’s Ineuqlity:

Convex function: f(Az + (1 — XN)y) < Af(z) + (1 —N)f(y)
If f(x) is convex then E[f(x)] > f(E[X])
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