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Independent RV P (X = x, Y = y) = P (X = x)P (Y = y)i or P (X ∈ A, Y ∈ B) = P (X ∈ A)P (Y ∈ B)

E[X] =
∑
x xP (X = x) or E[X] =

∫
xf(x)dx

V ariance = E[(X − µ)2] = E[X2]− (E[X])2

Cov(X,Y ) = E[(X − µX)(Y − µY )] = E[XY ]− E[X]E[Y ]

Independence =⇒ Cov = 0

Cov =0 does not =⇒ Indepennce. Example: X = {−1, 0, 1} and Y = X2

Indicator variable: E[Ix] = P (Ix = 1)

Moment generating function: ψ(t) = E[etX ]

dψ(t)
dt = d

dt

∫
etxf(x)dx =

∫
xetxf(x)dx Thus, ψ′(0) = E[X]

ψ′′(t) = E[X2]

ψn(t) = E[Xn]

Example: Two gaussian Rv. X,Y , Z = X + Y MZ = E[etX+tY ] = E[etX ]E[etY ] = ψX(t)ψY (t) = eµxt+
1
2σ

2
x ×

eµyt+
1
2σ

2
y = eµxt+µyt+

1
2 (σ2

x+σ2
y)

Joint MGF: ψ(t1, t2, . . . , tn) = E[e
P

i tiXi ]

2.1 Conditional distrbituion and conditional expectation

E[X1 +X2|Y = y] = E[X1|Y = y] + E[X2|Y = y]

2.2 Conditional expectation as r.v

Y - discrete r.v.

X - discerte r.v

E[X|Y = y1] =
∑
xP (X|Y = y1)

h(yi) = E[X|Y = yi] so h(Y) is like a r.v.

E[h(y)] =
∑
i h(yi)P (Y = yi) =

∑
E[X|Y = yi]P (Y = yi) =

∑
i

∑
j xjP (X = xj |Y = yi)P (Y = yi) =∑

i

∑
j xjP (X = xj , Y = yj) =

∑
j

∑
i xjP (X = xj)
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Smoothing property: E[E[X|Y ]] = EX

E[E[X|Y ]] =
∫
E[X|Y = y]f(y)dy

/— 1 A — B 2 –/ 3

P (Z = i) = pi E[D|Z = i] = di =⇒ E[D] = E[E[D|Z]] =
∑
pidi

2.3 Probability inequalities

Markov’s inequality: X is non negative RV X ≥ 0 then for a > 0, P (X ≥ a) ≤ E[X]/a

Proof. E[X] =
∫∞
0
xf(x)dx =

∫ a
0
xf(x)dx+

∫∞
a
xf(x)dx ≥

∫∞
a
xf(x)dx ≥ aP (X ≥ a) Alter. X ≥ aIA

Chebychev’s Inequality: X is r.v. with mean µ and var = σ2

P (|X − µ| ≥ a) ≤ σ2a2

Proof: Y = (X − µ)2 P (Y ≥ a2) ≤ EY/a2

Jensen’s Ineuqlity:

Convex function: f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

If f(x) is convex then E[f(x)] ≥ f(E[X])


