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Problem 6.14.1

〈 x,Py〉 =
∑
k∈θ

xk(Py)kπk

=
∑
k∈θ

xk(
∑
j

pkjyj)πk

=
∑
k∈θ

xk(
∑
j

pkjπkyj)

=
∑
k,j

xkpkjπkyj

=
∑
k,j

xk(pjkπjyj) using reversibility criterion πjpjk = πkpkj

=
∑
j

pjkxkπjyj

=
∑
j∈θ

(
∑
k

pjkxk)πjyj

= 〈Px,y〉

Problem 6.14.2

For reversibility: πipij = πjpji:
p′ij = bijgij =

πjgjigij
πigij+πjgji

and p′ji =
πigijgij

πigij+πjgji

Hence, πip
′
ij = πjp

′
ji and hence bij satisfies reversibility criterion besides

0 ≤ bij ≤ 1.
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Problem 7.2.1

7.2.1(a)

{E(|X + Y |p)}1/p = {E|Xp|}1/p + {E|Y p|1/p}
E[|X|] = E[|Xn +X −Xn|]

{E[|X|p]}1/p = {E[|Xn +X −Xn|p]}1/p

≤ {E[|Xn|p]}1/p + {E[|X −Xn|p]}1/p

=⇒ lim
n−→∞

inf E[|X|p] ≤ E[|Xn|p]1/p (1)

Similarly,

{E[|Xn|p]}1/p = {E[|Xn −X +X|p]}1/p

≤ {E[|X|p]}1/p + {E[|Xn −X|]}1/p

=⇒ lim
n−→∞

supE[|Xn|p] ≤ E[|X|p] (2)

Combining 1, 2 : E[|Xn|p] −→ E[|X|p] p ≥ 1

7.2.1(b)

Using p = 1 in part (a)

7.2.1(c)

Using part (a) E[X2
n] −→ E[X2] (Xn

2−→ X) ⇒ (Xn
1−→ X) =⇒ E[Xn] −→

E[X] and hence V ar(Xn) −→ V ar(X)

Problem 7.2.3

Consider k ≥ 0, n ≥ 1, Xn = k/n ≤ X < (k + 1)/n. X − 1/n ≤ Xn ≤ X
Define similarly Yn. Yn, Xn are independent by definition
E[Xn] −→ E[X] and E[Yn] −→ E[Y ]
Thus, using independence and convergence relations E[XnYn] = E[Xn]E[Yn] −→

E[X]E[Y ]
Now,

(X − 1/n)(Y − 1/n) ≤ XnYn ≤ XY
=⇒ E[(X − 1/n)(Y − 1/n)] ≤ E[XnYn] ≤ E[XY ]

E[(X − 1/n)(Y − 1/n)] = E[XY − X + Y

n
+ 1/n2] =⇒ E[XnYn] −→ E[XY ]

Thus combining, the above two results E[XnYn] −→ E[XY ] and E[XnYn] −→
E[X][Y ] we get E[XY ] = E[X]E[Y ]
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Problem 7.2.10∑
rXr ∼ Poisson(

∑
r λr)

Define t =
∑n
r=1 λr:

P (
∑
r

Xr ≤ x) =

x∑
i=0

e−tti

i!

lim
n−→∞

P (
∑
r

Xr ≤ x) =

{
0 t −→∞
Poisson(t) tis finite

Problem 7.4.1

E[X1] = 0 ∗ (1− 1

n log n
+ 0 ∗ 1

2n log n

= 0

E[X2
1 ] =

2n2

2n log n
+ 0 ∗ (1− 1

n log n

=
n

log n

E[(
1

n
Sn − 0)2] =

1

n2
V ar(Sn)

=
1

n2
n

log n

=
1

n log n
−→ 0

∑
i P (|Xi| ≥ i) −→∞ Hence, using Borel-Cantelli Lemma(7.3.10b) we have

P (|Xj | ≥ j) = 1 for some j |Xj | = |Sj − Sj−1| ≥ j and hence Sj/j diverges.

Problem 7.5.1

Define Ii(j) as the indicator variable denoting if the Xj lies in the ith interval,

logRm =

n∑
i=1

Zm(i) log pi

=

n∑
i=1

m∑
j=1

Ii(j)pi

Define
∑m
i=1 Ii(j) = Yj , then logRm =

∑m
j=1 Yj

E[Yj ] =
∑n
i=1 pi log pi = −h Thus, by strong law of convergence 1

m

∑m
j=1 Yj =

−→ −h = E[Yj ]
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Problem 7.5.3

Transient P (Xn = i|X0 = i) < 1
Using strong law Sn/n −→ E[X1] If E[X1] 6= 0 then P [Sn = 0|S1 = 0] < 1

as Sn = 0 happens only finitely often

Problem 7.7.1

E[XiXj ] = E[E[XiXj |X0, X1, . . . , Xj−1]]

= E[E[Xi(Sj − Sj−1)|X0, X1, . . . , Xj−1]]

= E[Xi(E[Sj − Sj−1|X0, X1, . . . , Xj−1])]

= E[Xi(E[Sj |X0, X1, . . . , Xj−1]− Sj−1)]

= E[Xi(Sj−1 − Sj−1)]

= 0

Problem 7.7.3

E[Xn+1|X0, X1, . . . , Xn] = aXn +Xn−1

E[Sn+1|X0, X1, . . . , Xn] = E[αXn+1 +Xn|X0, X1, . . . , Xn]

= αE[Xn+1|X0, X1, . . . , Xn] +Xn

= (αa+ 1)Xn + αbXn−1

= Sn = αXn +Xn−1

=⇒ α =
1

1− a
, b =

1

α

Problem 7.7.4

Xn: Net profit per unit stake on nth play.
Si = Si−1 + fi(X1, X2, . . . , Xi) such that S1 = X1Y
Thus, Sn =

∑n
i=1Xifi−1(X1, X2, . . . , Xi−1)

Sn+1 = Sn + fn+1(X1, X2, . . . , Xn)Xn+1

E[Sn+1 − Sn|X1, X2, . . . , Xn] = E[Xn+1fn+1(X1, X2, . . . , Xn)|X1, X2, . . . , Xn]

= fn+1(X1, X2, . . . , Xn)E[Xn+1|X1, X2, . . . , Xn]

= 0

=⇒ E[Sn+1|X1, X2, . . . , Xn] = Sn

Problem 7.8.1

E[Xi] = 0 By Doob-Kolmogorov inquality:
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P ( max
i≤j≤n

|Sj | > ε) ≤ 1

ε2

n∑
j=1

E[S2
n]

E[S2
n] = V ar(Sn) + E[Sn]2

= V ar(Sn)

=
∑

V ar(Xi)

=⇒ P ( max
i≤j≤n

|Sj | > ε) ≤ 1

ε2

n∑
j=1

V ar(Xj)

Problem 7.8.3

By theorem 7.8.1 Sn converges to S almost surely Now, using the above proved
fact that Sn −→ S =⇒ V ar(Sn) −→ V ar(S) =⇒ V ar(S) −→ 0
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