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Problem 6.14.1

(x,Py) = z(Py)pms
keo

=> 2> prjyi)me

keo J

= Z xk(z PrjTkYj)

keo J

= E TrPkjTRY;
k,j

= Z 2, (p;rm;y;) using reversibility criterion m;p;r = mipi;
k.j

= ijkxkﬂ'jyj
J

= Z(Z DikTk)T;Y;

jEo &
= (Px,y)

Problem 6.14.2

For reversibility: mgig :g TiDji I
= b.a s = Jii7  gnd pl. = —22UIT
Dij ij 9ij TiGij+75 954 Pji TiGij+7;5 954
;L , ' S o .
Hence, m;p;; = m;p}; and hence b;; satisfies reversibility criterion besides
0<b; <1



Problem 7.2.1
7.2.1(a)

(B(X +YI)}7 = (E|XP7 4 (B 7|7
B[IX[) = B X, + X - X,
(EIXPI = (E|X, + X = X, P}
< {BIXA PP + (B = X, P
—lim_inf B[IX]’] < B[X, " )

Similarly,

{E(|1X, [P}/ = {E[| X, — X + X|P]}!/P
< {B[IX|P]}/? + { B[ X, — X|]}'/?
= lim_sup B[|X,|"] < E[X] @)

Combining 1, 2 : E[|X,[P] — E[|XP]p>1

7.2.1(b)
Using p = 1 in part (a)

7.2.1(c)

Using part (a) E[X2] — E[X?

] 1
E[X] and hence Var(X,) — Va

(X, 3 X)= (X, > X) = E[X,] —
r(X)

Problem 7.2.3

Consider k >0,n>1, X, =k/n< X <(k+1)/n. X -1/n< X, <X

Define similarly Y,,. Y,,, X, are independent by definition

E[X,] — E[X] and E[Y,] — E[Y]

Thus, using independence and convergence relations E[X,,Y,] = E[X,|E[Y,] —
E[X]E[Y]

Now,

(X —1/n)(Y —1/n) < X,)Y,, < XY
= E[(X —1/n)(Y —1/n)] < E[X,Y,] < E[XY]

X+Y

E[(X — 1/n)(Y —1/n)] = E[XY — +1/n% = E[X,Y,] — E[XY]

Thus combining, the above two results E[X,,Y,,] — E[XY]and E[X,Y,] —
E[X][Y] we get E[XY] = E[X]E[Y]



Problem 7.2.10

>, X, ~ Poisson(d_,. Ar)

Define t = """, A
Tty
e 't
ZX <) Z i
1=0
lim PZX <z)= 0 . t.—>.oo
n—so0 Poisson(t) tis finite
Problem 7.4.1
1 1
ElX]=0x(1 0
%3] * nlogn >I<2nlogn
=0
2n? 1
E[X}) = 5+ 0% (1 -
2nlogn nlogn
on
~ logn
El(25, —0)2] = ~var(S,)
no " ~ n? "
_ L
n2logn
1
= — 0
nlogn

> ; P(|X;| > i) — oo Hence, using Borel-Cantelli Lemma(7.3.10b) we have
P(|X,| > j) =1 for some j | X;| =|S; — S;—1| > j and hence S;/j diverges.

Problem 7.5.1

Define I;(j) as the indicator variable denoting if the X lies in the i*" interval,

log R, = i) log pi

||M: HM:

Define 32" | I;(j) = Yj, then log Ry, = 377 Y,
E[Y;] =Y, pilogp; = —h Thus, by strong law of convergence - Em
s Ch— B



Problem 7.5.3

Transient P(X,, =i|Xo=1) <1

Using strong law S, /n — E[X1] If E[X;] # 0 then P[S, = 0|51 =0] <

as S, = 0 happens only finitely often

Problem 7.7.1

E[X; } EE[XX |X0,X1,... X;_ 1]]

E[X;(S; — Sj-1)[Xo, X1, .., Xj1]]
X, (E[S; —SJ 11 X0, X1,..., X;1])]
Xi(E[Sj1 X0, X1,..., Xj21] — S5-1)]
X

i(Sj-1 = Sj-1)]

[
Bl
Bl
E
E|
0

Problem 7.7.3

E[Xni1| X0, X1, .., Xn] = aXn + Xp_1
E[Sns1]X0, X1, ..., Xp] = E[aXns1 + Xn|Xo, X1, - ., Xon]
= aF[ X, 11| X0, X1, ., Xn] + X5
=(aa+ )X, + abX, 1
=5, =aX,+ X, 1

Problem 7.7.4

X,,: Net profit per unit stake on n'" play.
S; =81+ fi(Xl,Xg, o ;Xi) such that S1 = X Y
Thus, Sn = E:L:l Xifi—l(Xla XQ, e 7Xi—1)

SnJrl = Sn + fn+l(X17X2; cee aXn)XnJrl

E[SnJrl - Sn|X1aX27 cee vXn} = E[Xn+1fn+1(X17X27 v vXn)|X17X27 ey
= for1(X1, X, ..., X0) B[ X011 X1, Xo, ..

=0
- E[S’I’L+1|X1)X27'-'>Xn] = S’n

Problem 7.8.1

E[X;] = 0 By Doob-Kolmogorov inquality:

X,
X,



1 n
= P(max |Sj| >¢€) < E—QZVar(Xj)
j=1

i<j<n

Problem 7.8.3

By theorem 7.8.1 S, converges to S almost surely Now, using the above proved
fact that S, — S = Var(S,) — Var(S) = Var(S) —0



