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Problem 1

Problem 1a

Yi = β0 + β1xi1 + β2xi2 + · · ·+ βp−1xi,p−1 + εi

Yi = α+ β1(xi1 − x̄1) + β2(xi2 − x̄2) + · · ·+ βp−1(xi,p−1 − x̄p−1)

= α− β1x̄1 − β2x̄2 − · · · − βp−1x̄p−1 + β1xi1 + β2xi2 + · · ·+ βp−1xi,p−1 + εi

=⇒ β0 = α− β1x̄1 − β2x̄2 − · · · − βp−1x̄p−1
=⇒ α = β0 + β1x̄1 − β2x̄2 − · · · − βp−1x̄p−1
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Problem 1.2

x̄j =

n∑
i=1

xij
n

=
1

n
1n
′Xi

Y =


1 x11 − x̄1 x12 − x̄2 . . . x1,p−1 − x̄p−1
1 x21 − x̄2 x22 − x̄2 . . . x2,p−1 − x̄p−1
...
1 xn1 − x̄1 xn2 − x̄2 . . . xn,p−1 − x̄p−1




α
β1
...

βp−1

+ ε

=
(


1 x11 x12 . . . x1,p−1
1 x21 x22 . . . x2,p−1
...
1 xn1 xn2 . . . xn,p−1

−


0 x̄1 x̄2 . . . x̄p−1
0 x̄1 x̄2 . . . x̄p−1
...
0 x̄1 x̄2 . . . x̄p−1

)


α
β1
...

βp−1

+ ε

=
( (

1n X
)
−
(
0n

1
n1n1

′
nX
) )


α
β1
...

βp−1

+ ε

=
(
1n X− 1

n1n1
′
nX
)


α
β1
...

βp−1

+ ε

=
(
1n Xc

)


α
β1
...

βp−1

+ ε

=⇒ Xc = (I− 1n1
′
n

n
)X

Problem 1.3

1′nXc =
(
1 1 1 . . . 1

) (
I− 1

n1n1
′
n

)
X

=
(
1 1 1 . . . 1

)


1− 1
n

−1
n

−1
n . . . −1

n−1
n 1− 1

n − 1
n . . . − 1

n
...
−1
n − 1

n − 1
n . . . 1− 1

n


= (1− 1

n
)− 1

n
∗ (n− 1)

= 0
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Problem 1.4.a

Y1 = α+ β1(x11 − x̄1) + β2(x12 − x̄2) + · · ·+ βp−1(x1,p−1 − x̄p−1)

Y2 = α+ β1(x21 − x̄1) + β2(x22 − x̄2) + · · ·+ βp−1(x2,p−1 − x̄p−1)

...

Yn = α+ β1(xn1 − x̄1) + β2(xn2 − x̄2) + · · ·+ βp−1(xn,p−1 − x̄p−1)

∑
i=1

Yi = nα+ β1(
∑
i=1

xi1 − nx̄1) + β2(
∑
i=1

xi2 − nx̄2) + · · ·+ βp−1(
∑
i=1

xi,p−1 − nx̄p−1)∑
i=1

xi,j − nx̄j = 0

=⇒ α̂ =

∑
i=1 Yi
n

Now, we perform Yi− Ȳ eliminating α Let Z = Yi− Ȳm the problem then reduces to the following form:
Z = Xcβ+ ε where β =

(
β1 β2 . . . βp−1

)
and hence simply re-using OLS results, β̂ = X′cXc

−1
X′cY

More rigorously:

β̂ = (X ′X)−1X ′Y

X ′Xβ̂ = X ′Y

X′X =

(
1n
′

Xc
′

)(
1n Xc

)
=

(
1n
′1n 1′nXc

X′c1n X′cXc

)
(
1n
′1n 1′nXc

X′c1n X′cXc

)(
α
β1

)
=

(
1′n
X′c

)
Y

=⇒ nα̂+ 1′nXcβ1 =
∑
i=1

Yi = nȲ using first row

α̂+ 0 = Ȳ since X′c1n1 = 0

=⇒ α̂ = Ȳ

X′c1n1
′
n + X′cXcβ̂1 = X′cYusing second row

=⇒ X′cXcβ̂1 = X′cY since X′c1n1 = 0

=⇒ β̂1 = (X′cXc)−1X′cY

Problem 1.4.b

Inverse of a block matrix(
A11 A12

A21 A22

)−1
=

(
(A11 −A12A

−1
22 A21)−1 −(A11 −A12A

−1
22 A21)−1A12A

−1
22

−(A22 −A21A
−1
11 A12)−1 (A22 −A21A

−1
11 A12)

)
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X′X =

(
1n
′

Xc
′

)(
1n Xc

)
=

(
1n
′1n 1′nXc

X′c1n X′cXc

)
=

(
1n
′1n 0
0 X′cXc

)
X′X

−1
=

(
1n
′1n 1′nXc

X′c1n X′cXc

)−1
=

(
n 0
0 (X′cXc)−1

)
(X ′X)−1X ′Y =

(
1
n 0
0 (X′cXc)−1

)
(p+1)×(p+1)

(
1n
′

Xc
′

)
(p+1)×n

Yn×1

=

(
1
n 0
0 (X′cXc)−1

)(
1n
′Y

Xc
′Y

)
=

(
1
n1n

′Y1×1
(X′cXc)−1Xc

′
Yp−1×1

)
=

(
Ȳ

(X′cXc)−1Xc
′
Y

)
p×1

α
β1
β2
...

βp−1

 =

(
ȳ

(X′cXc)−1Xc
′
Yp−1×1

)

Problem 1.5

Yes, column space of X is identical to
(
1n Xc

)
since Xc = (I − J

n )X

Problem 1.6

P = X(X′X)−1X′Y

=
(
1n Xc

)( 1
n 0
0 (X′cXc)−1

)(
1′n
X′c

)
=⇒ P = Xc(X′cXc)−1X′c +

1n1
′
n

n
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SSE = ε′ε

= (Y −Xβ̂)′(Y −Xβ̂)

= Y ′Y − β̂′X ′Y − Y ′Xβ̂ + β̂′X ′Xβ̂

= Y ′Y − 2Y ′Xβ̂ + β̂′X ′X{(X ′X)−1X ′Y }

= Y ′Y − 2Y ′Xβ̂ + β̂′IX ′Y

= Y ′Y − 2Y ′Xβ̂ + β̂′X ′Y

= Y ′Y − 2Y ′Xβ̂ + Y ′Xβ̂′

= Y ′Y − Y ′Xβ̂

= Y ′Y − Y ′
(
1n Xc

)( ȳ

(X′cXc)−1Xc
′
Yp−1×1

)
= Y ′Y − Y ′

(
1n Xc

)( 1
n1′nY

(X′cXc)−1Xc
′
Yp−1×1

)
= Y ′(I − 1n1′n

n
)Y −Y′Xc(X′cXc)−1Xc

′
Y

=

n∑
i=1

(Yi − Ȳ )2 −Y′Xc(X′cXc)−1Xc
′
Y

=

n∑
i=1

(Yi − Ȳ )2 −Y′PcY

Problem 1.7

Y ∗i = Yi − Ȳ

Y∗ = Y − 1

n
1n1

′
nY

n∑
i=1

(Yi − Ȳ )2 = Y′
∗
Y∗

=⇒ SSE = Y′
∗
Y∗ −Y′∗PcY

∗
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