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Problem 1

A =

(
A11 A12

A21 A22

)
Consider C = A−1 so that CA = I

C =

(
C11 C12

C21 C22

)

CA =

(
A11C11 +A12C21 A11C12 +A12C22

A21C11 +A22C21 A21C12 +A22C22

)
=

(
Ik On−k

On−k Ik

)
Thus,

A11C11 +A12C21 = Ik

A11C12 +A12C22 = On−k

A21C11 +A22C21 = On−k

A21C12 +A22C22 = Ik

Thus,

C11 = −A−111 (I −A12C21)

C12 = −A−111 A12C22

C21 = −A−122 A21C11

C22 = A−122 (I −A21C12)

Substituting for C12 and C21 :

A11C11 −A12A
−1
22 A21C11 = Ik

=⇒ C11 = (A11 −A12A
−1
22 A21)−1

1



Similarly,

−A21A
−1
11 A12C22 +A22C22 = Ik

C22 = (A22 −A21A
−1
11 A12)−1

= B

Thus,

B = (A22 −A21A
−1
11 A12)

C11 = (A11 −A12A
−1
22 A21)−1

C21 = −A−122 A21(A11 −A12A
−1
22 A21)−1

C22 = (A22 −A21A
−1
11 A12)−1 = B−1

C12 = −A−111 A12C22

Now we use Woodbury matrix identity (A+UCV )−1 = A−1−A−1U(C−1 +
V A−1U)−1V A−1

Using which,

C11 = (A11 −A12A
−1
22 A21)−1

= A−111 −A
−1
11 (−A12)(A−122 +−A21A

−1
11 A12)−1A21A

−1
11

= A11 +A−111 A12B
−1A21A

−1
11

C12 = −A−111 A12C22

= −A−112 A12B
−1

Problem 1.b

For this part we substitute k = 1

B1×1 = a22 − a′12A−111 a12

C11 = A11 +A11a12B
−1a′21A

−1
11

C12 = −A−111 a12B
−1

C21 = −B−1a′12A−111

C22 = B−1

Problem 2

Problem 2.a

X ′X =

2J J J
J J 0
J 0 J

 = J

2 1 1
1 1 0
1 0 1


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Problem 2.b

X ′X is not invertible( Perform C1− C3)

(X ′X)× (X ′X)−1 = J

2 1 1
1 1 0
1 0 1

×XX−1 =

1 0 0
0 1 0
1 −1 0


Also, (X ′X)× (X ′X)−2 = J

2 1 1
1 1 0
1 0 1

×XX−2 =

0 0 1
0 1 0
0 0 1


Problem 2.c

P = X(X ′X)−1 X
′ =

2 1 1
1 1 0
1 0 1

 = X(X ′X)−2 X
′ = X ′X and thus P is unique

Problem 3

X =

 1 −1 1
−1 0 2
1 1 1


Consider XT =

 1 −1 1
−1 0 1
1 2 1


Finding the inverse givesX−1 =

 1 −1 1
−1 0 2
1 1 1

 In factXTX =

3 0 0
0 2 0
0 0 6

and

XXT =

3 1 1
1 5 1
1 1 3


Clearly XT 6= X−1 and this leads us to conclude that X is not an orthonor-

mal matrix.

C =

 1/
√

3 −1/
√

2 1/
√

6

−1/
√

3 0/
√

2 2/
√

6

1/
√

3 1/
√

2 1/
√

6



CT =

 1/
√

3 −1/
√

3 1/
√

3

−1/
√

2 0/
√

2 1/
√

2

1/
√

6 2/
√

6 1/
√

6


Thus,

CCT = CTC = I3 (Skipped calculations, did in R)

Problem 4

Problem 4.a

Using the property det(XY ) = det(X) × det(Y ) we have det(A2) = det(A) ×
det(A) = (det(A))2
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0.1 Problem 4.b

A = PΛPT such that Λ is a diagonal matrix with its diagonals as the eigen
values and P is an orthonormal matrix thus, PPT = I and det(P ) = +1 or1

det(A) = det(PΛPT ) = det(P ) det(Λ) det(PT ) = det(Λ) det(P )2 = det(Λ) =∏
λi Using tr(AB) = tr(BA) tr(A) = tr(PΛPT ) = tr(λPTP ) = tr(Λ × I) =

tr(Λ) =
∑
λi
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