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Problem 1

Given: A, . is idempotent =— AA = A; P is non-singular and C),«, is
orthogonal = CCT =CTC =1

1.a

(I-A{J-A)=I-A—-A+ AA
=1—-2A+ A using A A=A
=I—-A

Hence I — A is idempotent

1.b
AI—-A)=A—-AA
=A—A using A A=A
=0
Similarly,
(I—A)A=A- AA
=A—A using A A=A
=0
l.c

(P~'AP)(P~'AP) = P7'APP AP
=P 'AAP since PP7' =1
=P 'AP using AA=A

Hence P~'AP is idempotent



1.d

(C"AC)(C'AC) = C"ACC'AC
= C'AAC since CC'=C'C =1
= (C'AC using AA=A

l.e

A is a projection matrix and C'C' = C'C = I For C'AC to be a projection
matrix C'ACz = z Vz € S for some vector space S
For some z € S:

C'ACz = C' Ay where y = Az
=(C'Ay
= ('y since A is projection matrix
=C'Cz
=z since C'C =1
Thus, C’ACz € S and C'ACz = z and hence C'AC is a projection matrix

Problem 2
2.a

Q(x1,x0,x3) = 12xf + 31‘3 + 3:17% + 2x129 — 102123 + 4023
= 3(2.1'1 + 2o + .%‘3)2 — (12.’171.%’2 + 62913 + 12.’1?1.’133) + 2x129 — 102123 + 42273
= 3(2$1 + X2 + $3)2 — 101’11’2 — 21’2$3 — 221’1$3
= (331 + 1‘2)2 + 2(%‘2 + 1‘3)2 + (5.131 — .%‘3)2 — 141‘%
= (21 + 29)* + 2(z2 + 23)® + 23 + 1127 — 102,23
= (21 + 2)® + 2(x2 + 73)° + 25(x1 — 23/5)* — 1427

and hence Q(z1,x2,3) is positive defnite, (the coefficient of the negative
term(-z?) is less than the positive coefficient of 2

2.b
2 1 2 T
dAv=(z1 x> w3) |1 2 1 29
2 1 4 T3
= (221 + x3 + x3)x1 + (X1 + 229 + x3)22 + (221 + T2 + 423) T3
= 2:17% + 2:13% + 4x§ + 2x129 + 3x123 + 22013
3 3
= (z1 +22)* + (20 + 23)% + (21 + 5.2?2)2 + zmg
>0

A is positive definite



1 2 3 T
x'Ax:(acl 9 :vg) 2 1 1 o
3 1 =2 I3

= (w1 + 2w2 + 323)x1 + (221 + 22 + T3)22 + (321 + T2 — 223)23
= 2? 4+ 2% — 222 + 4x129 + 67123 + 27073

= (29 + 23)* + 3(x1 + 23)? + 2(x1 + 12)? — 627 — 622 — 427 — 21

A is neither positive definite nor positive semidefinite.

Problem 3

R ey

a?+b* ac+bd\ (2 -1
ac+bd +d?) \-1 2

a?+v:=2
ac+bd = —1
c+d®=2

Leta=1,b=1 = c+d=1

A+d?=2
A4 (-1-¢c)?=2
22 +92¢c—-1=0

 —24+/4+38
°= 1
. -1+3
o 2

-1+
d:T\/g

and hence one possible B is:

1 1
B={__»xs _14v3



Problem 4

G=(X'X)"

Let Y = (X'X) to prove GY G is symmetric we need to show (GYG)T =
GYG

NOTE: YT = (XTX)T = XTX =Y

Using YGY =Y, we get:

YGY =Y
YGYG=YG
= GYG=C(

Now, again consider YGY and take transpose on both sides:

yey)I =y7
YTGTYT =vT
YGTY =Y using YT =Y
— G =G7T since YGTY = YGY = Y Also see NOTE below

Now consider GY G

GYe)T =GTyTaT
=GYG using G =GTandy =Y7T
NOTE:
1.

However, this case is only true for the case when G = G” i.e. the generalized
inverse in unique. I could not prove it for the general case

To show GY G is a generalized inverse of Y we need to show YGYGY =Y

Y(GYG)Y =YG(YGY)
=YGY using YGY =Y, G is generalised inverse of Y

=Y using definition of generalised inverse for G

= GYG is generalised inverse of Y = X7 X

Problem 5

Given: E[X] =1 and Var(X) = E[X?] — E[X]? = 5 Using E[X] = 1 we get,
E[X? =5+ E[X]2=6



5.b

E[(1+42X)% = E[1 +4X + 4X?]
= E[1] + E[4X] + E[4X?]
=1+ 4E[X] + 4E[X?]
=1+4+4(6)
=30

var(3+4X) = Var(3) + Var(4X) + 2Cov(3,4X)
= 0+ 16Var(X) + 2(0)
=80



