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—a)(X' —d)]

[
=EXX' — Xd —aX' + ad']
— BXX'] - E[Xd] - ElaX"] + Elad’]
= E[XX'] — E[X]d' — aE[X'] + Elad']

= (Var[X]+ E[X]|E[X]') — E[X]d' — aE[X'] 4+ ad

=Var[X]+ E[X|E[X] — E[X]d' — aE[X]' + ad’ since E[X']
=Var[X]+ (E[X] —a)(E[X]) - d)
=Var[X]+ (E[X] —a)(E[X] —a)

Var[X] =Y = (o))

1X = allf = (X = )1 (X = a)1xr
And hence(replace X with X’ and a with o'):

E(lIX = al’) = E[(X — a)'(X — a)]
= E[X'X] - E[X’]a—a’E[X]—Fa’a

_ZEX2
:Z Var|X;]

=Y Var[X;]+ E[X
= Z Var[X;] + BE[X
= iVar[Xl] + (B
= Za +||E[X]

X'la —d' E[X]+d'a

E[X)?) — E[X'la — dE[X] +d'a

X] = a)(E[X] - a)

—a|l?

E[X] — E[X'|a — ' E[X] + d’a since ZE[)Q]2 =

'E[X] — E[X]a — d'E[X] + d’a since z:E[Xl]2

EIX]

E[X'X]

= E[X'X]



la. Problem 2
Fact: X —a— E[X —a] = X — E[X]

Cov[X —a,Y = b =E[(X —a—E[X —a))(Y —b—E[Y = 0])])
= E[(X - EX)(Y - E[Y])]
= Cov[X,Y]

la. Problem 3

Yi=Xi—Xi

CoulY;,Y;] =0 for i # j

Consider the vector (Y1,Y5,Ys,...,Y,) = (X1, Xo — X1, X3 — Xo, ..., X, —
Xn—l)l

We make use of Var(AX) = AVar(X)A'.

To find A, consider the vectors (Y7,Y2,Ys,...,Y,) = (X1, X — X1, X3 —
Xoyoo oy Xn — Xpn1)/

Y1 X4
Y, Xo— X,
Y| 2| Xz3—-Xp
Yn Xn_anl
1 0 0 0 0 X
-1 1 0 0 0 X5
10 -1 1. 0 0] | X3
0 0 0 -1 1 Xn
1 0 O 0 0
-1 1 0 0 0
Hence A= | 0 -1 1 0 0
0 0 O .11

Now using Var(Y) = AVar(X)A" we get

Var(X) = A" 'War(Y)A ™!
Var(Y) = I,x», and hence Var(X) = A~1A’~! = BBT where B = A~}



Problem 4

Xiy1 = pX;
Consider:

X1 X1
Xo pX1
X | = | rXo
Xn an,1
1
p2
” o x,
pnfl
Let A= (1 p p? ,0"_1)/ and hence variance Var[X] = AVar(X;)A' =
o2 AA ) )
1 p p Pt
P P2 p3 . pn
Varlx] = 2 P ot
pn p'rH—l pn—i-2 . p2n—2

1b. Problem 1

= (X1 + X2) X1 + (X1 —2X3) X2 + (—2X2 + X3) X3
1 1 0\ /X,

=(X; X, Xy)|1 0 -2 Xo

0 —2 1/ \Xs

X7 4+2X Xy —4Xo X3 + X3

X=(Xi X X3)

1 1 0

A=|1 0 -2

0 -2 1
1 1 4
AZ:AVar[X]:U2 1 —é —12
0 -1 3

Thus,
E[X'AX] =tr(A Z) + ' Ap = o® + ' Ap



1b. Problem 2

D (X - X)P =) (X7 -2X,X + X?)

i

:ZXfanz

Now ¥, X2 =X'Xand X =13 X, =11'X =1Xx"1

Hence,

i

Y (Xi-X)P=> X7 —nX?

i
=3 X7-2) X;X+X?

1
=X'X — nﬁ(x’u’X)

1
= X'X — —(X'11'X)
n

1

=X'(I--11")X
(- -11)

Let A= (I-111)

Now using F[X'AX] = tr(AY]) + p/ Ap we have:

-1/n
—1/n

—1/n

—1/n

—1/n

1-1/n  —1/n  —1/n
A" —1./n 1—1/n —1/n
—i/n ~1/n —1/n 1
:(17%)205
Also,
1-1/n  —1/n
WA= (u o W) —1:/n 1—-1/n —1/n
~1/n —1/n
and hence p/ Ay =0
E[Z(Xi—f(

i

Bl (X, - X =

n(n —1)

i

Finally,

x diag(o?, 03, ...

—1/n
—1/n

1-1/n

Pl=-1)3 0

1
2
E 2.0
1

rYn



var(X) =Var(— Z X;)

= EZVGT(X)

since X; are mutually independent

1
2
n2 Zai
3

1

= E[m zi:(Xi - X)?]

1b. Problem 3

Given: X, = >, w; X; and Y w; =1

Var(X,) = Var Z w; X,

= Z w?Var i) since X; are mutually independent

_§ 2 2
- w; 0,

Now consider,
minimize E w?o? subject to E w; =1

We consider the following lagrange formulation:

Ny f (W Zw202+)\ Zwi—l)

Now to find optimal A\, we solve % =0
0
/0 =2w;07 + A =0
8wi
— )\
w; = ——5
201}2
Thus, w; = —# or w; o< %

i



Using ), w; = 1 we get:

Zil/o'?
1
= Wi = 5779

75, (1/?)
1 2

= fmin(w) = Z(W)Ui
1

min = 5 (107)

i

Part b
ST wiXi - Xu)? = wi(X? - 2X: X, + X,°)
Z = Z w; X2 - 2X, Z w; X; + X2
- iwin - 2X,° ;x‘j

= Z’U}Z.Xl2 — Xw2

Now, we rewrite ) w; X2 = X'AX where A = diag(wy,wa, ..., wy,)
and Xw = Zl UJiXi =Xw=wX

X, = (Z w; X;)?
:

= X'ww'X
and hence Y, w;(X; — X,,)? = X' (A —ww') X
w1 — w% w1 W2 wi1ws e W1 W,
W W1 wo — w% WoW3 . W2 W,
Define A = A —ww' =
Wp W1 WnpWe — WpW3 ... W, — W

so that

E[Z wi(X; — Xy)?] = B[X'AX] = tr(A ) + 4/ Ap

tr(A Z) = z:(wZ —wi)o? = Zwia? —w;(w;o?) = Z(a —aw;) =na—a

A %



and the (1,1) element of the matrix p’'A is given by:

w A = p(wy — wi —w Z w;)
i=2

w1 —w% —wi(1—w)
=0

and hence it’s essentially a zero matrix(other elements are zero similarly)

Also,
1 1

Vi — = - =
el

Thus,

BS2) = ——tr(AY) + 1 Ap

n—1

L (na—a)+0
= na —a

n—1

=a

= Umin



