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Problem 1

Problem 1a

To find: fy, . (51 y3) = ™0 F(y1, 92, v, ya)dyadys For marginalising a MVN,
we simply drop the irrelevant terms(terms with respect to which marginalisation
is performed, as they integrate to 1)

Joint Marginal distribution of y1,ys: fy,y(y1,93) ~ N( (;) , (_41 51>)

Problem 1b
fylayfiyyzl (yQ) ~ N(3a 5)

Problem 1c

zZ=1uy1+2y2 —ys + 3y )
Thus, z = aY where a = (1 2 -1 3) and Y = (y1 Y2 Y3 y4)
Thus, Ez = aEJy] = —4

Var(z) = aVar(y)d
=79 using ‘R’

Problem 1d
z1 = a1y and 29 = agy where a1 = (1 1 -1 —1) and ap = (—3 1 2 —2)

Then f., ., ~ N((Zl) )
2

p = ay Ely] =2

p2 = asElyl =9

Y% = a1 Xal =11

Y2, = ayXal = 154

Y, = ¥3 = axXal = —6

Thus, Z = (2) ~ N((;) : (1% 1_5(31))



Problem 1le

1=+ L1255 (22 — pia)
Cov = 211 — 21222_21221

=G5 G03) GR) =00 ) ()
cor-(3-(3 2 DG A)-2)

fy1,y2lys, ya) = N(1', Cov)
Problem 1f
= 1 -1 2 3 -2 - Y2 — 2 . 1 1 1 Yo — 2
M(3>+<5 _4> <_4 4) (y4+2>(3>+(1 —0.5> <y4+2)
Cow— (4 2)_ (-1 2\(3 -2y (2 6
=1 3)"\5 -—4)\4 4 5 _9

F1,y2lys, y4) = N(u', Cov)

Problem 1g
Cov(y1,y3) = —1

Problem 1h
6 3 -2\ ' fyp-2
p=1-(2 -1 2)|3 5 -4 Y3 — 3
2 4 4 Yy + 2
6 3 -2\ '/2
Cow'=4—-(2 -1 2)(3 5 —4 -1
—2 4 4 2

Fy,y2lys, ya) = N (i, Cov)

Problem 2

Since 012 = 013 = 014 = 0 and y follows a MVN, by Theorem 2.2, y; is pairwise
independent with yo, y3, Y4

Problem 3

Y2 — 2212f11y1 = (On—rxr In—rxn—r) <z;) + (*22121_11 0n><r> <Z;)

E(yg o ZQlElllyl) = (On—TXT‘ In—r)(n—’l‘) (Ez;> + (_2212111 OnXT’> (E:Z;>

= p2 — S Xy i



Covlys — S 5y1) = Coo((Onmpsr Tn—rrn—s) (z;) f st O (ZD)

= Cov(aY +bY)
= (a+b)Var(Y)(a+b)7T

_ Y1 % —(=HTeE
_ 1 1 212 11 21
= (=ZauXy 1) (Em Ezz) ( 17
—1 —(En ST
= (%1 + 221 —%21357,'T12 + Boo) T

=Yoo — X1 X' S0

Problem 4

Problem 4a

Given t = %=

w
P

~ t(p) we know the following facts:

o Z~N(0,1)
[ ] ’U,NX%

e 7 and u are independent

2 2
Problem 5.3

We consider first the following vector: Z = (Y Y1-Y Y5-Y3...Y, — Yn_l)/
Let’scall X = (Y1 -Y Yo-Y;...Y,1— Yn)/ so that it allows us to write
Y (Vi Yin)? = X'X
Now Z = (Y X)

1/n 1/n 1/n ... 1/n
1 -1 0o ... 0
Y ni-Y, 2-Y..Y,,-v)=|0 1 =1 .. 0y vy
0 0 0 -1
Z =AY

Also Z ~ N(Ap, AL A")
Ap = (u 0 O...O)
AY A"’ = AA  since X =1

I/n 0 0 ... O

, 0 2 -1 ... 0
AA'=110 -1 2 -1 ...0
0 0 0 0 2

LY



Thus, Z = (}7 anl)/ is a MVN such that Y and X are independent (since
the covariance is 0)

We also know that 27" (V; — Yi11)2 = X'X = h(X)

Since, functions of independent random variables are also independent Y’
and h(X) = X'X are independent.

Problem 5.11

6 1 0 0 ... 0\ [wn
0 ¢ 1 0 ... 0w
7—10 0 ¢ 1 0flys| = Ay
00 00 ... 1) \yn,
Since Y ~ N(0,0%I) = Z ~ N(0,02AAT)
¢ +1 I 0 0 0
& 1+ ¢? 0 0 0
where AAT = | 0 ¢ 1+¢* ¢ 0
0 0 0 1+¢* ¢



