
MATH 542 Homework 7

Saket Choudhary
skchoudh@usc.edu

March 3, 2016

Yi = β0 + β1Xi + εi

εi = Yi − β0 − β1Xi

ε2i = (Yi − β0 − β1Xi)
2

Q =
∑
i

ε2i
∑
i

(Yi − β0 − β1Xi)
2

We want to minimize the residual εi = Yi−β0−β1Xi = Yi− Ŷi so
∂
∑

i ε
2
i

∂β0
=

∂
∑

i ε
2
i

∂β1
= 0

∂Q

∂β0
= −2

∑
i

(Yi − β0 − β1Xi) = 0

β̂0 = Ȳ − β̂1X̄

∂Q

∂β1
= −2

∑
i

Xi(Yi − β0 − β1Xi) = 0∑
i

Xi(Yi − β̂0 − β̂1Xi) = 0∑
i

Xi(Yi − Ȳ + β̂1X̄ − β̂1Xi) = 0

β̂1 =

∑
iXi(Yi − Ȳ )∑
iXi(Xi − X̄)

Using
∑
X̄(Xi − X̄) = 0 =⇒

∑
Xi(Xi − X̄) =

∑
(Xi − X̄)(Xi − X̄) and

using
∑
X̄(Yi − Ȳ ) = 0 we get

∑
iXi(Yi − Ȳ ) =

∑
i(Xi − X̄)(Yi − Ȳ )

and hence β̂1 =
∑

i(Xi−X̄)(Yi−Ȳ )∑
i(Xi−X̄)2

E[β̂0] = E[Ȳ ]− X̄E[β̂1]

E[Ȳ ] = E[β0 + β1X̄ + 1/n
∑
i

εi]

= β0 + β1X̄
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Now consider E[β̂1] =
∑

i(Xi−X̄)(EYi−EȲ )∑
i(Xi−X̄)2

=
∑

i(Xi−X̄)(β1Xi−β1X̄)∑
i(Xi−X̄)2

= β1

using which we get:

E[β̂0] = E[Ȳ ]− X̄E[β̂1] = β0 + β1X̄ − β1X̄ = β0

Problem 2

V ar(β̂1) =
1

(
∑

(Xi − X̄)2)2
V ar(

∑
i

(Xi − X̄)(Yi − Ȳ ))

=
1

(
∑

(Xi − X̄)2)2
V ar(

∑
i

(Xi − X̄)(Yi))

=
1

(
∑

(Xi − X̄)2)2

∑
i

(Xi − X̄)2V ar(Yi)

=
1

(
∑

(Xi − X̄)2)2

∑
i

(Xi − X̄)2σ2

=
σ2

(
∑

(Xi − X̄)2)

β̂0 = Ȳ − β̂1X̄

V ar(β̂0) = V ar(Ȳ ) + X̄2V ar(β̂1)

=
σ2

n
+ X̄2(

σ2

(
∑

(Xi − X̄)2)
)

Problem 3

Yi = β0 + β1Xi + εi

Ŷi = β0 + β1Xi

∂Q

∂β0
= −2

∑
i

(Yi − β0 − β1Xi) = −2
∑
i

(Yi − Ŷi) = 0

∂Q

∂β1
= −2

∑
i

Xi(Yi − β0 − β1Xi) = 0

=
∑
i

(Ŷi/β1 − β0/β1)(Yi − Ŷi) = 0

=⇒
∑
i

(Ŷi)(Yi − Ŷi) = 0
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Now,∑
i

(Yi − Ȳ )2 =
∑

(

Yi − Ŷi + Ŷi − Ȳ )2

=
∑

(Yi − Ŷi)2 +
∑
i

(Ŷi − Ȳ )2 + 2
∑
i

(Yi − Ŷi)(Ŷi − Ȳ )

=
∑

(Yi − Ŷi)2 +
∑
i

(Ŷi − Ȳ )2 + 2
∑
i

Ŷi(Yi − Ŷi)− 2
∑
i

Ȳ (Yi − Ŷi)

=
∑

(Yi − Ŷi)2 +
∑
i

(Ŷi − Ȳ )2

where the two last terms are zero using the properties derived previous to
the last set of equations

Problem 4

r =

∑
i(xi − x̄)(yi − ȳ)√∑

i(xi − x̄)2
∑
i(yi − ȳ)2

r2 =
(
∑
i(xi − x̄)(yi − ȳ))2∑

i(xi − x̄)2
∑
i(yi − ȳ)2

=
s2
xy

sxxsyy

R2 = 1− SSE

SST
=
SSR

SST

SSE(rror) =
∑
i

(yi − ŷi)2

SST (otal) =
∑
i

(yi − ȳ)2

SSR(egression) =
∑
i

(ŷi − ȳ)2

Consider y = a+ bx then from the first problem we have: b =
sxy

sxx

SSR =
∑
i

(ŷi − ȳ)2

=
∑
i

(a+ bxi − ȳ)2

=
∑

(ȳ − bx̄+ bxi − ȳ)2

= b2sxx

=
s2
xy

s2
xx

sxx

=
s2
xy

sxx
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R2 =
SSR

SST

=

s2xy

sxx

syy

=
s2
xy

sxxsyy

= r2

Problem 5

L(σ2, β0, β1) = (2πσ2)−
n
2

∏
i

exp(− 1

2σ2
(yi − β0 − β1xi)

2)

log(L) = −n
2

log(2π)− n log σ2 − 1

2σ2

∑
i

(yi − β0 − β1xi)
2

∂ logL

∂β0
|βMLE = − −2

2σ2

∑
i

(yi − β0 − β1xi)

=⇒ βMLE
0 = Ȳ − βMLE

1 X̄

∂ logL

∂β1
|βMLE = − −2

2σ2

∑
i

xi(yi − β0 − β1xi)

=⇒ βMLE
1 =

∑
i(xi − x̄)(yi − ȳ)∑

i(xi − x̄)2

∂ logL

∂σ2
|βMLE = − n

2σ2
+

1

2σ4

∑
i

(yi − β0 − β1x1)2

=⇒ σ2
MLE =

1

n

∑
i

(yi − βMLE
0 − βMLE

1 x1)2
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