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Problem 3a.2

Consider ||Y − Xβ||2. Since X is full rank β̂ = (X ′X)−1X ′Y This involves
||Y−Xβ||2

∂βi
= 0 Also Ŷi = β0 + xi1β1 + · · ·+ xip−1βp−1 For i = 0:

||Y −Xβ||2

∂βi
= 0∑

(Yi − (β0 + xi1β1 + · · ·+ xip−1βp−1))2

∂β0
= 0∑

(Yi − (β0 + xi1β1 + · · ·+ xip−1βp−1)) = 0∑
(Yi − Ŷi) = 0

Problem 3a.3 Y1Y2
Y3

 =

1 0
2 −1
1 2

(θ
φ

)

Thus X =

1 0
2 −1
1 22

 β = X ′X and hence using R:

θ = 0.167Y1 + 0.333Y2 + 0.167Y3

φ = −0.2Y2 + 0.4Y3

Problem 3a.4 Y1Y2
Y3

 =

1 −1 1
1 0 −2
1 1 1

β0β1
β2
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β0β1
β2

 = (X ′X)−1X ′Y

β0β1
β2

 =

 1
3

1
3

1
3

−0.5 0 0.5
1
6 − 1

3
1
6

Y1Y2
Y3


Consider β2 = 0:

Y1Y2
Y3

 =

1 −1
1 0
1 1

(β0
β1

)

Then using R: (
β0
β1

)
= (X ′X)−1X ′Y

(
β0
β1

)
=

(
1
3

1
3

1
3

−0.5 0 0.5

)Y1Y2
Y3


Problem 3a.7

Ŷ = Xβ̂ = PY ∑
Ŷi(Yi − Ŷi) = Ŷ ′(Y − Ŷ ′

= Y ′P ′(Y − PY )

= Y ′P (In − P )Y

= Y ′(P − P 2)Y

= 0 Since P is idempotent

Problem 3b.3

Consider Ȳ =
∑

i Yi

n
E[Ȳ ] = θ so Ȳ is unbiased estimate.
Also using Rao’s minimum variance lower bound, α′β is a minimum variance

estimate for N (Xβ, σ2), Thus Ȳ is both unbiased and minimum variance.
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Problem 3b.4

Yi = β0 + β1(xi1 − x̄1) + β2(xi2 − x̄2) + εi
Y1
Y2
Y3
...
Yn

 =


1 x11 − x̄1 x12 − x̄2
1 x21 − x̄1 x22 − x̄2
...

...
...

1 xn1 − x̄1 xn2 − x̄2


β0β1
β2



X =


1 x11 − x̄1 x12 − x̄2
1 x21 − x̄1 x22 − x̄2
...

...
...

1 xn1 − x̄1 xn2 − x̄2


X ′X =

 n
∑
xi1 − nx̄1

∑
xi2 − nx̄2∑

xi1 − nx̄1
∑

(xi1 − x̄1)2
∑

(xi1 − x̄1)(xi2 − x̄2)∑
xi2 − nx̄2

∑
(xi1 − x̄1)(xi2 − x̄2)

∑
(xi2 − x̄2)2


=

n 0 0
0 σ2

1 rσ1σ2
0 rσ1σ2 σ2

2


(X ′X)−1 =

1

σ2
1σ

2
2(1− r2)

 1
n(σ2

1σ
2
2(1−r2))

0 0

0 σ2
2 rσ1σ2

0 rσ1σ2 σ2
1



Thus V ar(β1) = σ2(X ′X)−1 =
σ2σ2

2

σ2
1σ

2
2(1−r2)

= σ2

σ2
1(1−r2)
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