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Problem 3c.1

Problem 3c.1.a

var[S2] = V ar[
Y ′(In − P )Y

n− p
]

=
1

(n− p)2
V ar[Y ′(In − P )Y ]

=
1

(n− p)2
× (2σ4(n− p))

=
2σ4

n− p

Problem 3c.1.b

A1 =
1

n− p+ 2
[In −X(X ′X)−1X ′]

=
R

n− p+ 2

E[(Y ′A1Y − σ2)2] = V ar(Y ′A1Y − σ2) + (E[Y ′A1Y − σ2])2

= V ar(Y ′A1Y ) + (E[Y ′A1Y ]− σ2)2

=
V ar(Y ′RY )

(n− p+ 2)2
+ (

E[Y ′RY ]

(n− p+ 2)
− σ2)2

=
2σ4(n− p)

(n− p+ 2)2
+ (

σ2(n− p)
n− p+ 2

− σ2)2 using 3.12 from textbook

=
2σ4(n− p)

(n− p+ 2)2
+

4σ4

(n− p+ 2)2

=
2σ4

n− p+ 2
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Problem 3c.1.c

E[Y ′A1Y ] =
E[Y ′RY ]

n− p+ 2

=
σ2(n− p)
n− p+ 2

using 3.12 from textbook

MSE[Y ′A1Y ] = E[(Y ′A1Y − σ2)2]

=
2σ4

n− p+ 2

MSE[S2] = E[S2 − (E[S2])2]

= V ar(S2)

=
2σ4

n− p

<
2σ4

n− p+ 2

≤MSE[Y ′A1Y ]

Problem 3d.1

Problem 3d.1.a

Given Yi ∼ N(θ, σ2) or Yi = θ + εi where εi ∼ N(0, σ2)

Y = 1nθ + ε thus θ̂ = (1n
′1n)−11′nY = 1

n1
′
nY = Ȳ

Thus, using theorem 3.5(ii) Ȳ and S2 =
∑

i(Yi − Ȳ )2 are independent

Problem 3d.1.b

Borrowing from part (a) we have: RSS = Q =
∑

i(Yi− Ȳ )2 =⇒ using theorem
3.5(iii):

RSS/σ2 ∼ χ2
n−1

Problem 3d.2

RSS = Y ′(In − P )Y

= Y ′(In − P )Y − β′X ′(I − P )(Y −Xβ) + Y ′(I − P )(−Xβ) both terms are zero using PX=P and P=P’

= (Y −Xβ)′(In − P )(Y −Xβ)

= ε′(In − P )ε

(β̂ − β)′X ′X(β̂ − β) = Z ′Z

Z = X(β̂ − β)

= X((X ′X)−1X ′Y − (X ′X)−1X ′Xβ)

= P (Y −Xβ)

= Pε

(β̂ − β)′X ′X(β̂ − β) = ε′P ′Pε
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Cov[RSS, (β̂ − β)′X ′X(β̂ − β)] = Cov[ε′(In − P )ε, ε′P ′Pε]

= Cov[ε′(In − P )ε, ε′PPε] using P ′ = P

= Cov[ε′(In − P )ε, ε′Pε] using PP = P

= σ2(I − P )P

= 0

Thus, RSS and (β̂ − β)′X ′X(β̂ − β) are indepedent

Problem 3.12

Y = Xβ + ε

Ȳ =
1

n
1nY∑

i

(Yi − Ŷi)2 = (Y −Xβ̂)′(Y −Xβ̂)

= (Y −X(X ′X)−1X ′Y )′(Y −X(X ′X)−1X ′Y )

= (Y − PY )′(Y − PY )

= Y ′(I − P )′(I − P )Y

= Y ′(I − P )Y using idempotency of I − P

Cov[
1

n
1nY, (I − P )Y ]

=
1

n
1nCov[Y ](I − P )′

= σ2(n− p) 1

n
1n(I − P )′

Since the first column of the design matrix is all 1, 1n belongs to the column
space of X and is orthogonal to (I − P )′ (P being the projection matrix) =⇒
Cov[ 1n1nY, (I − P )Y ] = 0
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