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Problem 4b.1

F =
n− p
q

(Y − c1n)′(P − PH)(Y − c1n)

(Y − c1n)′(In − P )(Y − c1n)

Also, X =


1 x1,1 x1,2 . . . x1,p−1
1 x2,1 x2,2 . . . x2,p−1
...

...
...

1 xn,1 xn,2 . . . xn,p−1


Thus, 1n ∈ C(X) and hence (I − P )1n = 1′n(I − P ) = (P − PH)1n =

1′n(P − PH) = 0 and hence (Y − c1n)′(P − PH)(Y − c1n) = Y ′(P − PH)Y −
c1′n(P − PH)Y + cY ′(P − PH)1n + c21′n(P − PH)1n = Y ′(P − PH)Y

Similarly (Y − c1n)′(I −P )(Y − c1n) = Y ′(I −P )Y and hence F statistic is

the same as F = n−p
q

Y ′(P−PH)Y
Y ′(In−P )Y

Problem 4b.4

Y1Y2
Y3

 =

 1 1
0 2
−1 1

(θ1
θ2

)
+

(
ε1
ε2

)
= Xβ + ε

H : θ1 = 2θ2

=⇒
(
1 −2

)
= Aβ = 0

F =

RSSH−RSS
q

RSS
n−p

1



Now,

β̂ = (X ′X)−1X ′Y

X ′X =

(
2 0
0 6

)
(X ′X)−1 =

(
1/2 0
0 1/6

)
β̂ =

(
1/2 0
0 1/6

)(
Y1−Y3

2
Y1+2Y2+Y3

6

)

Ŷ = Xβ̂

=

 1 1
0 2
−1 1

( 3Y1−3Y3

6
Y1+2Y2+Y3

6

)

=

 4Y1+2Y2−2Y3

6
Y1+2Y2+Y3

3
−2Y1+2Y2+4Y3

6



RSS = (Y − Ŷ )′(Y − Ŷ )

=
(
2Y1−2Y2+2Y3

6
−Y1+Y2−Y3

3
2Y1−2Y2+2Y3

6

)′
.

 2Y1−2Y2+2Y3

6
4y1−4Y2−2Y3

6
2Y1−2Y2+2Y3

6


=

1

9
(Y1 − Y2 + Y3)2 +

1

9
(−Y1 + Y2 − Y3)2 +

1

9
(Y1 − Y2 + Y3)2

=
1

3
(Y1 − Y2 + Y3)2

A(X ′X)−1A′ =
(
1/2 −1/3

)( 1
−2

)
=

7

6

RSSH −RSS = [Aβ̂]′[A(X ′X)−1A′]−1[A′β̂]

=
6

7
(β̂1 − 2β̂2)2

Thus,

F =
6
7 (β̂1 − 2β̂2)2

1
3 (Y1 − Y2 + Y3)2

Problem 4b.5

Y = Iθ + ε

2



H : θ1 = θ3 or
(
1 0 −1 0

)
θ = 0

A =
(
1 0 −1 0

)
β̂ =


Y1
Y2
Y3
Y4



Aβ =
(
1 0 −1 0

)
Y1
Y2
Y3
Y4


= Y1 − Y3

RSSH −RSS =
(
Y1 −Y3

) 1

2

(
Y1
−Y3

)
=

1

2
(Y1 − Y3)2

RSS = 3S2

= 3(Y1 + Y2 + Y3 + Y4 − 0)2

F =
RSSH −RSS

3S2

3

1

=
(Y1 − Y3)2

2(Y1 + Y2 + Y3 + Y4)2

3



Problem 4MISC.2



Y11
Y12

...
Y1n
Y21

Y22
...

Y2n


=



x1 0
x2 0
...
xn 0
0 x1
0 x2
...
0 xn



(
β1
β2

)
+ ε

H : Aβ̂ = 0 =⇒
(
1 −1

)
= 0

A =
(
1 −1

)
X ′X−1 =

(
1∑
i x

2
i

0

0 1∑
i x

2
i

)
β̂ = (X ′X)−1X ′Y

=

(
1∑
i x

2
i

0

0 1∑
i x

2
i

)(∑
i xiyi1∑
i xiyi2

)

=

(∑
i xiyi1∑
i x

2
i∑

i xiyi2∑
x2
i

)

=

(
β̂1
β̂2

)
RSS =

∑
j

∑
i

(yji − xjiβi)2

=
∑
i

(y2i1 − 2yi1xiβ̂1 + x2i1β
2
1 + y2i2 − 2y2ixi + x2iβ

2
2)

RSSH −RSS = (Aβ)′[A′(X ′X)−1A]−1(Aβ)

= (β̂1 − β̂2)[
(

1∑
i x

2
i

−1∑
i x

2
i

)( 1
−1

)
]−1
(
β̂1
−β̂2

)
= (n− 1)S2RSSH −RSS = (Aβ̂)′[A′(X ′X)−1A]−1Aβ̂

=
n

n+ 1
(Ȳn − Yn+1)2

=
∑
i

x2i
(β̂1 − β̂2)2

2

F =
RSSH−RSS

1
(n−1)S2

n−1

=

∑
i x

2
i
(β1−β2)

2

2

S2

=
(β1 − β2)2

2S2(
∑
x x

2
i )
−1

4



Problem 4MISC.4


Y1
Y2
...
Yn
Yn+1

 =


1 0
1 0
...

...
1 0
0 1


(
µ1

µ2

)
+


ε1
ε2
...
εn
εn+1


H : Aβ̂ = 0 =⇒

(
1 −1

)(µ1

µ2

)
= 0

X ′X =

(
n 0
0 1

)
(X ′X)−1 =

(
1/n 0
0 1

)
(
µ̂1

µ̂2

)
=

(
1
n

∑n
i=1 Yi

Yn+1

)
=

(
Ȳn
Yn+1

)


Ŷ1
Ŷ2
...

Ŷn
ˆYn+1

 =


Ȳn
Ȳ2
...
Ȳn
¯Yn+1


RSS = (Y − Ŷ )′(Y − Ŷ )

=
(
Y1 − Ȳn Y2 − Ȳn . . . Yn − Ȳn 0

)

Y1 − Ȳn
Y2 − Ȳn

...
Yn − Ȳn

0


=

n∑
i=1

(Yi − Ȳn)2

= (n− 1)S2
n

F =
RSSH−RSS

1
RSS
n+1−2

=
n

n+ 1

(Yn+1 − Ȳn)2

S2
n

5


