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2.5.1
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254

Assume k = 1 Suppose Eexp(AX) < exp(k?A?) for all A € R holds for EX # 0. attempting proof by
contradiction:

Eexp(AX) < exp(\?)
SO A

Bl1+) A;f J<14+> =
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...... Not complete ......

Attempt 2:

Using e < z4¢*° = E[er] < E[)\X+e)‘2x2] < AE[X] +¢ for A < 1 and given Eexp(AX) < exp()\?)
Thus for |A\| <1, AE[X] > 0 which can hold only if EX = 0. Hence EX = 0 is required.
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2.5.5

1.
EX=0and EX%2=1

p=

My (t) = E(e7)
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2.5.7

[| X ||y, =inf{t >0: ]Eexp()t(—;) < 2}. A valid norml satisfies following conditions
L Xl > 0

2. [|X]|p, = 0 iff X =0

3. llaXllvs = lall|X||g, for a € R

401X + Y gy < 11Xy + 1Y Tl

Proof:

1. ||X]|y, > 0 as t > 0 always by the condition inside infimum.

2. || X ||y, =0 if X = 0 clearly.

For || X||y, =0 = X =0:

As || X[y, = 0, Eexp(35) <2 V¢ >0

Assume X # 0, i.e P(|X]| > 0) > 0 Define event A = {w € Q : |X(w)| > d}whered > 0. Since
X #0,P(A) >0

52 52
exp(—)P(A §/ex —)dP
(13)P(4) . ()
X2
< exp(tT)dP [ |X]| > donsetA]
A
X2
S Eexp(tT)

Let ¢t — 0, then ]Eexp()f—;) > 2 which is a contradiction, and hence X = 0 when ||X||y, =0
Adapted from ”Subgaussian random variables: An expository note” by Omar Rivasplata.
3.
a2 X2
l|aX ||y, = inf{t >0: Eexp(T) <2}
X2
= inf{|alt > 0: Eexp(t/—z) <2} [Substitute t' = |alt]
2

= |a|inf{t > 0: Eexp(—-) < 2}

27—
= lal[[ Xl

4.
For 4. we make use Proposition 2.5.2 where we proved equivalence of the other forms of the norm. Here

we use the p-norm form:
1
|| X ||y, = inf{t > 0: (E|X|")? <t,/p} Lp norm is a norm and hence satisfies triangular inequality.

E| X + Y|p)% < (E\X|p)% + (E|Y|p)% [ using Minkowski’s inequality ]
inf{t > 0: (E|X +Y[")7 <ty/p} <inf{r > 0: (E|X|")7 <r/p}
+inf{s > 0: (E]Y]")? < sy/p}
= X+ Y|y, <[ X [l + Yy

X + Y|y, = inf{t > 0: (E|X +Y|?)» <t/p}
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2.6.9

Consider X a bernoulli random variable P(X =0) = P(X =1) = %

E L; enZ + 1
etz —=
2
(xX-$)? a
Ee 2 = eat2

2
Xy, = inf{t > 0:Eer” <2
P2
64’%2—}—1

=inf{t >0: <2}

. 1
=inf{t >0: yPe) <In(3)}
_ 1
24/In(3)
1
HX _EX||w2 = ||X_ 5”#’2

1 (x—p)?
X — 5”#}2 =inf{t >0:Ee” & <2}
:inf{t>0:e4%2 <2}
1
24/In(2)

Assume || X — EX||y, < C||X]|y, to be true for C' =1, then

1X = EXly, < [1X[[y,
1

1
— 2¢/In(2) = 24/In(3)
In(3) < v/In(2)

which is a contradiction and hence C' # 1
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2.6.9

2.7.2

Xl = (EIX|P)” < Kop¥p > 1

- Eexp(]X|/K3) <2
= 2:

— o W =

. P{X| >t} <2exp /Kt forallt >0

. Eexp(A\|X]) < exp(AK3) for all A such that 0 < )‘K%;

By homogenity, X can be rescaled to X/K;

E|X|P :/ P(|X|P > uw)du
0

:/ P(|X| > t)ptP~tdt
0

[Substitute u = t*]

< / 2e tptP~Ldt
0
= pI'(p)
< pp” [ T(p) <p’]
1 1
(E|X[P)» =prp
<2p
2 = 3
= (AIX|)P
E* ) =E1+ ) M]
p=1 P
o N E[|X|"]
o0
APpP 1
<1+ = [ (BXP)? < p]
p=1
<143 wer Fopl = (2)7]
p=1 ¢
1
=1 [ for Xe < 1]
< e?he [ ! < e*a]
1—=z
3 = 4.

3 holds for A\K <landexpKA—1asA—0

4 = 1:

E[lX]]<2
P(IX| > t) = P(elXl > ¢t
=e P > 1)
< e tE[elX])
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