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3.3.1

X ~ Unif(y/nS"~ 1)
X is rotationally invariant. Consider x € R™ such that ||z;||2 = [|z||2Vi € [1,n]

E[) (X, 2:)°] = nE[(X, )’

= E[||X|[3]]][3]
= n|lz|[3
= E[(X,2)’] = [2]13

and hence X is isotropic

3.3.3

Consider X; ~ N(0,0?)

My, (t) = E[e*¥]
o0 2
1 i
— / etz,e 552
—oo V2mo?
_ o) 1 et2202 67(717150)2 _ etzgz
—oo \/270?

We use uniqueness property of MGF (MGF <« distribution) in the parts that follow.
Part 1.

g~ N(0,1,)
(g,u)y =u"g
tQuTu
M(g,u) (t) =€ 2
= (g,u) = N(0,u" u)
= N(0,||ull3)
Part 2.
t2c72
MXf, (t) =e T
25 02
_]\42:)(1 (t) =€ 2
= Y X;=N(0,) 0o}
i
Part 3.

Gij ~ N(0,1). From Part 1 Gj;u; ~ N(0,u?) = N(0,1) = Gu ~ N(0,1,)
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3.3.5
X ~ N(0,1,,)
Part 1.
E[(X,u)(X,v)] = Elu” X (X" v)"]
=Ep? XXy [Since vT X and u” X are both scalars]
=0 EX X u
=V Uu
= (u,v)
Part 2.
|| Xu— Xv||2: = E[(uT X — 0T X)(u? X — 0T X)T]
=EBu" XXTu+ 0" XXTv —u' X XTo — 0T X X T
= BIXXTu + v "B XX v —u"E[XXT]v — v E[X X ]u
= (u—v)(u—v)"
= [[Xu— Xvl[r2 = [[u—v||L2
3.3.6

From 3.3.5. E[(G, u){G,v)] = (u,v) Since u,v are orthogonal (u,v) = 0 Hence E[{(G, u)(G,v)] = 0.
Also, Gu ~ N(0,||ull} and Gv ~ N(0,||v|]} and from above we get E[(G,u}(G,v)] = 0 = E[(G,u)] =
E[{G,v)]. Since Gu and Gv are both gaussian, and GuGv have zero correlation, it implies independence.

3.5.3

(R

I tried a few configurations of A = AT, but couldn’t disprove the inequality. E.g. % (

> then

1 0
E |AZJ.’L‘Z.’EJ| = %(371 + 1'2)2 + 2.1’1332 < % = 17 however for Uy =701 = (0> yUz = V2 = (1) EAz‘jUi’U«j =1

[N
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3.6.7

Consider a 2 dimensional version of the problem where the n dimensional vector g is projected to the plane
which contains v and v. Since g is normally distributed, the hyperplane g is now a line and is distributed
uniformly over a unit circle. See Figure 1.

For (g, u) and (g, v) to have opposite signs, the line g passes through between u and v and the probability
of this is given by & where cos(a) = (u,v)
Thus,

E[sign(g, u)sign(g,v)] = —1 x P(sign(g, u)sign(g,v) = —1)
+ 1 x P(sign(g,u)sign(g,v) =1)

_ _1(arccos<u,v>) 11—

i ™
=1-2

arccos (u, v)

)
arccos (u, v)

™

B m  arcsin (u, v) - ) oo
=1 2(277 - ) [ arcsin  + arccos 6 = 2]

_ 2arcsin (u, v)

™

3.7.5

Part 1.
Consider ¢(u) = vV2u®@u® vVbiu @ u®u and ¢(v) = vV2v @ v ® vV5v @ v ® v and u, v are orthogonal.

V2u@u® Viu®u @ u, V20 @ v @ Vv @ v @)
V2u @ u, V20 @ v) @ (VBu @ u ® u, Viv @ v @ v) + 0

(d(u), d(v)) = (V2
=(v2
2{u @ u, v @) + 5(u X u @ u, v @V ® V)
2

— 2u,0)? + 5{u )’

Part 2.

For f({u,v)) = Zf:o a;{u,v)?, we let ¢(u) = Zf:o a;u® and ¢(v) = Zf:o v®
Part 3.

(@) = Yo axa”, since ax > 0, ¢(u) = 3737 agu® and ¢(v) = 377, arv®”

3.7.6

Let  o¢(u) = > ko \/(Tk.u@k and ¥ (v) = sign(ak)\/(Tkv@)k Then  {(p(u),(v)) =
(koo Varu®*, 30, g sign(ar)yaru®*) = 32, ax(u,v)
Hence |[(u)]| = [[o:(u)|| = (S j—q vamu®, 3 _q sign(ar) ao™) = | Xy ax(u, u)|
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Figure 1: Problem 3.6.7 unit circle. g causes (g,u) and (g,v) to have opposite sings if it lies in the sector

encompassed by v and v
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