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5.4.12

1
Eexp \eA = 3 (exp AA + exp —\A)

A% A3
A A3
1 A2A%Z \tAt \6AS
5(eprA+exp—)\A):I+ 5 + 1 + o
A2A%Z \tAt \6AS
=I+ + + +

2 4x3  8x90
A2A2)/2)? A2A2/92)3

= exp \2A%)/2
Then define X = Zivzl €;A;, then following from 5.14 :

P{)‘mam(s) > t} = P{e’\)‘mam(s)zt}
< e MR- Amax (5)

Define F = E)\mam(e)‘s). By the bound on maximum eigen value of er: B < Etre*s
Applying Lieb’s inequality:

E<E tre
N—1
E<E t'rexp[z AX; + AX ]
i=1
N-1
E <E trexp [Z AX; + log Ee? ™) Conditioning on XY 7" and using Lemma 5.4.9
i=1
N
E <trexp [Z log Ee??] Repeating above step and using Lemma 5.4.9 N times
i=1
242
< trexp [; %} " EexpAeA < exp \?2A%/2
N
< n.)\maz(expz N7 AZ/2) " trace is sum of n eigen values
i=1
<nexp{nAl,./2> A?} " Ai < AmaaVi € [1, N]
i=1
=nexp{\2,,0?/2}
P{A\maz(S) >t} < m.exp{—X\t + A2 ,.0%/2} substituting for E

Differentiating exp{—Xt + A2, ,,02/2} wrt X gives: exp{—At + A2, ,,02%/2} % (=t + A\pago?/2) Thus A = 5
and hence:

t2
E <n. exp{—ﬁ}

I don’t seem to get a factor of 2 on the RHS Page 3 of §
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5.4.15

T Ty,
Consider dilation of X as Y := <§,Z )% ) Then Y2 = <XiOX1 ng(ZT> Then o2 = ||Zzli1 Y12|| =

YNOXTX; 0 N N T ‘ . -

[l = N o 1= max{|[>7;0, X Xi|,[| D22 XiX; ||} Applying Matrix Bernstein’s
0 Yo Xi X

inequality from theorem 5.4.1 to the dilation Y of X give:

PUIY. Xl 2 6 = P{I Y Vil 2 6)

t2/2

S 2(m + n) eprm

N N
where o = max{|| 352, X[ X, || 222, XX |1}

5.6.6

Frame u,; obeys’s approximate Parseva;s identity: 34, B > 0 such that
N

Allz|[3 <> (ug, ) < Bljz|[3ve € R
i=1

u; is tight when A = B. Also, from problem 3.3.9 we have {u;}, is tight when > wul = Al,

Consider random sample {v;}7; of {u;} from remark 5.6.2 we see that

m N N
E|Y vl =Y uad || < el Y ugu||
i=1 i=1 i=1

= e[| Al

Hence {v;}; has a good frame bound.

6.1.6

EF (3,4 aif(Xi, X;)) S E(43,,; aij f(X;, X})) . For this to hold, f should be measurable.
If this holds then theorem 6.1.1 is implied by taking f(X;, X;) = X;X; for matrix X; and theorem 6.1.4
is implied by considering f(X;, X;) = XZ-XjT for vectors X;, X;.
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6.3.4

To prove: E|| 1,1, X; — 30,0, EX| < 2E|| 320, €|

N N N N
E|| Z X; — Z EX;|| <E|| Z Xill + 1] Z]EXiH triangular inequality
i=1 i=1 i=1 i=1
N N
<E|| Z € Xl| + 1| ZEGiXiH same distribution
i=1 i=1
N N
<E[| Z € Xi|| + Ef] Z €. X Jensen’s inequality
i=1 i=1

N
= 2B > e Xi|
=1
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6.3.5
Consider Y; to be independent copies of X;
N N N
||ZX1'||F:||ZX¢—ZEY;'HF EY; =0
i=1 i=1 i=1
N
< Eyl| Z(Xz = Y)llr
i=1
N N
F(IY_Xillr) < FEy]] Y (X = Yi)llr)
i=1 i=1
N
<Ey F(| Y (X = Yo)llr) Jensen’s
i=1
N N
ExyF(IY Xillr) <ExBy F(|| > (X = Yi)||r)
i=1 i=1
N
<ExyF()_(Xi = Yi)llr) Using Fubini’s
i=1
Now, for rademacher ¢;
N N
ExyF(||Y> (Xi =Yi)llr <EExyF(|>_ e(Xi —Yi)llr)
i=1 i=1
N N
<ExyF(| Z € Xillr) +Ex y F(|] Z &Yillr
i=1 i=1
N
<2ExyF(| Y eXillr)
i=1
which is the upper bound.
For lower bound:
1N | N N
EF (5] > eXillr) = EEF(5l Y eXi— Y EY||r)
i=1 i=1 i=1
1
< Ell5 Y a(Xi—Yi)llr
i=1
1 1
<E|l; ;eiXiHF +E|\§;eixi\|F
1 1
:E‘|§;Xz||F+E||§;KHF Same distrubution
1 N N
< SEIDY_Xillr +El Y _Yillr)
i=1 i=1
N
— B> Xillr
i=1
which is the LHS of the whole inequality.
6.3.5 continued on next page. .. Page 6 of 8
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6.3.5 (continued)

6.5.4

X is best approximation to p~Y hence || X —p~'Y|| < |]p~'Y — X]||

X = X|| < || X —p V|| +|lp~ 'Y — X|] Trinagular inequality
|IX = X]|| < 2/[p~ 'Y — X]|| *. Assumption above
2
= —[[Y = pX]|
p

(Y —pX)ij = (6i5 — p) Xij + 0sjvij

Consider,

(Y —pX)ill5 = ) (6i5 — p)Xij + 8ij0i5)°

-

<
Il
—_

(85 = PIX oo + 335 [v]] o)

<
Il
—_

-

]EmaXZ((Sij —p)? < CpnUsing 2.8.3
j=1

EmaxZ((Sij)Q < Cpn

j=1
n
— Emax ||(Y —pX)il[3 <ED (615 — P)I|X|loo + 55 [0]|0)?

j=1

3

=EY (85 — p) X113 + 63;1[0l% + (815 — p)is |1 X [locl[0]]o0)*

Jj=1

= Emax||(Y - pX)ill2 < vpr|[X]loo + vPrl|v]oo

Using 6.4.2 .

Thus,

E[|(Y = pX)|| < CVlog n(Emax||(Y — pX);]| + Emax||(Y — pX)’|])

nlogn nlogn

E[I(X - X)|l <

X1 +

0o
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6.5.4

6.6.5

Ellglloc = E{max g}

e Elmaxicn gi] < |8 maXisn 9] Jensen’s inequality

= E[max 9]
N

< ZE[@SW]

< ne? s /2 Using mgf of g

In 2

SO
— E l< 2
{rglga;cgl}_ s T

. . . 2 .
Differentiating 17“ + 22— wrt s gives s = 2(17“2" and hence

Ellgllcc = E{maxgi}
< V20VInn
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