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and the equation for measurement is given by in the interval [k7, (k + 1)7):

yr = y(k7) + wy

In the domain [k, (k + 1)7) we re-formulate the equations as:

%f(t +1) = AZ(t) + Buy

C

where A = {_Oﬁ _1_}

and B = {2}

And the observation equation:



yp = CT) + wy,

where C' = {(1]}

and the initial condition is given by:

=[] = L) = B+ [ = ]+
where &= N/ [0] .Q)
-y
where 7 ~ N(0, @?)
and ¢ ~ N(0, %)

We now use variation of parameters on the interval [k7, (k + 1)7) t obtain:

kT+T
Tp1 = exp(AT)xy + / exp(A(s — k7)) B(s)u(s)ds

kT
kT4+1

Ty = exp(AT)xy + / exp(A(s — k7))dsB(uy + €x)
kT

Tr1 = exp(A7)zy, + / exp(As')ds'B(uy + €;) where s’ = s + k7
0

Try1 = exp(AT)xy, + / exp(As')ds'B(uy, + €x)
0
Trp1 = exp(AT)zp + A7 (exp(AT) — I)Buy, + A (exp(A7) — I)Bey,

Now,

At A%r2 A3
eXp(AT):]—I—T—F 2! + 3‘

2 Part b

L1 = OTk + Yuy + Uy

The cofficients of the above equation are given by:



Sl

and B = {2}
¢ = exp(XT)

Y = A Y exp(AT) — I)B
U = A (exp(AT) — I)Bep = ey,

And thus 0 ~ N( {8} , V) where V = o2yypT where 19,y = A7 (exp(AT) — I)B

3 Part c

Tpt1 = Oz + Yuy + vg
Tp1 = 0T + Yuy,

Tl — Thp1 = O(T) — Tr) + v,

Pisiik = E((#p41 — Trr) (@1 — Tagr)")
= B[(¢(xr — @) +vi) (21, — 73) "¢ + v))]
= Elp(xx — @) (wr — )" 0" + 2z — @) v + vpvf]

= Py’ + Vi
Prediction:
Ty = OTk + ug
Pyi1p = OPud” + Vi
Observed /Measured:

Tht1lk = ¢$k + z/mk + ﬁk

Yk+1k = CTpq1 + wy

Assume update step to be linear combination of prediction and observation. We
need to obtain K, Ky such that the estimator is unbiased and is minimum variance
estimate.

Trgaprr = KiZrae + KoYrgk

Define error Cht1lk+1 = Th+1|k+1 — Th+1

4



We look for unbiased estimator Elej 1jx+1] =0

Thus,
Crt1)k+1 = i’kﬂ\kﬂ — Tt
= Klfﬁk-&-l\k + Kg(CZL‘k_H + wk+1) — Tht1
= K1 Zppap + (KoC — Ipyr + Kowpqa
Now,
E[€k+1|k+1] =0
— Ki=1- KQO
Thus,
Trrierr = (I — KoO) g + Koyry
= (I — KyO)pqa, + Ko(Cxpgr + wig)
= Tpt1k + K20($k+1 — Tpg1)k) + Wt
Now,

Cht+1lk+1 = jk+1|k+1 = T4
= KiZpp, + Ko(Cxpgr + wig1) — T
= (I = KyO) gy + (KoC — Iwgpgq + Kowipa
= (I — K20)(Zps1jk — Tht1) + Kowipa
= (I — K3C)epyak + Kowpia

where Ckt+1lk = Thk+1|k — Thk+1 Then,

Prapksr = Eleriipr1€hp]
= B[((I = K2C)epsap + Kowpr1) (1 — KoC)epyap + Kowpir)']
= - K2O)E[e£+1\kek+llk]([ — K0)" + Ko Blwg w4 Ky
= (I — K20) P11 — K2O)T + KoWi Ky
= (Pyor1jp — KoCPiir)(I — K20)" + KoWi Ky
= Piy1pr — KoCPyiap — ProyinCT Ky + KoC P CT Ky + KoWi Ky
= Pisijp — KoCPiiap — PoyapC Ky + Ky(CPoypnC" + Wi ) K5

OPptijktr _ 0

To minimize 9K

OPi1jkt1

8]( k+1‘kc + 2K2(Cpk+1|kc + Wk) — O
2

— K2 = Pg+1|kC(CPk+l|kCT + Wk)_l
b}
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Figure 1: Measured, predicted, filtered position with damping and resonance

Prediction:

g1k = OTy + Yuy,
P = 9P’ + Vi

Observed /Measured:

Trp1|k = OTr + YUy + U,

Ukt1k = CTpq1 + wp

Update Step:

Thripr1 = Thpae + Ko(ye — CTpgpe)
Priipprr = Pryae — KoC Py
Ky = Py C(CPeprpCT + W)™

4 Part d

For m =100,c=1,k=1,b=1,Var(w) = 0.1, Var(e) = 0.1
Form=1,c=1k=1,b=1Var(w) (e) =
Form=1,c=1k=1b=1Var(w) =2,Var(e) =2
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Figure 2: Measured, predicted, filtered velocity with damping and resonance
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Figure 3: Position variance with damping and resonance
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Figure 4: Velocity variance with damping and

resonance

120



Pasition

Position v/s Time

Observehm—
Predicte d=—
Updated =——

i} 20 40 60 80 100
Time

Figure 5: Measured, predicted, filtered position with high mass

10



Ve locity

Welcily we Timea
& T T T T T

— ChEaried
Pradicted
Updated

-4

Time

120

Figure 6: Measured, predicted, filtered velocity with high mass
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Figure 7: Position variance with high mass
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Figure 8: Velocity variance with high mass
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Figure 9: Measured, predicted, filtered position with low mass
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Figure 11: Position variance with low
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Figure 12: Velocity variance
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Figure 13: Measured, predicted, filtered position with low mass high variance
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Figure 14: Measured, predicted, filtered velocity with low mass high variance
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Figure 15: Position variance with low mass high variance
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Figure 16: Velocity variance with low mass high variacne
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