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2.5

The distance beween hyperplances {x ∈ Rn|aTx = b1} and {x ∈ Rn|aTx = b2} is given by the distance
between the points of intersection of the normal aT with its points of intersection at these two hyperplanes
respectively. The points of intersection of a line from the origin to the hyperplane that is parallel to a is given by
x1 = b1

||a||22
a and x2 = b2

||a||22
a respectively. The corresponding distance between them is:

dist(x1, x2) = ||x1 − x2||2

=
|b1 − b2|
||a||22

||a||

=
|b1 − b2|
||a||2

2.7

Let S = {x | ||x− a||2 ≤ ||x− b||2}

||x− a||2 ≤ ||x− b||2
=⇒ ||x− a||22 ≤ ||x− b||22

(x− a)T (x− a) = (x− b)T (x− b)
2(b− a)Tx ≤ bT b− aT

sTx ≤ t where s = 2(b− a); t = bT b− aTa

sTx ≤ t is a halfspace. See below figure for interpretation.
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Figure 1: Problem 2.7. Geometric interpretation> The hyperplane has a normal in the direction of b − a and
contains points that are equidistant from both a and b.
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2.12

(a) Slab is intersection of two half space aTx ≤ β and aTx ≥ α which are both convex. Hence, Convex .

(b) Similar to part (a), rectangle is alos intersection of two convex sets and hence Convex .

(c) Similar to parts (a) and (b), wedge is intersection of two halfspaces aT1 x ≤ b1 and aT2 x ≤ b2 and hence
Convex .

(d) for a fixed y, ||x− x0|| ≤ ||x− y|| is a convex set. The set of close points closer to a given point x0 than
the set is given by the intersection of sets ∩y∈S{x | ||x− x0|| ≤ ||x− y||} and hence Convex .

(e) Take a simple set S = {−1, 1} and a single point set T = {0}. now the set {x|dist(x, S) ≤ dist)(x, T ) is
given by x ≥ 1/2 or x ≤ −1/2 which is non-convex. hence Non-Convex .

(f) x+ S2 ⊆ S1 ⇐⇒ x+ s2 ⊆ S1∀s2 ∈ S2.

{x|x+ S2 ⊆ S1}
= ∩s2∈S2{x|x+ s2 ⊆ S1}
= ∩s2∈S2

{x|x ⊆ S1 − s2}
= ∩s2∈S2{S1 − s2}

Thus {x|x+ S2 ⊆ S1} is an intersection of convex set S1 − s2 and hence Convex .

(g)

{x|||x− a||2 ≤ θ||x− b||2}
= {x|||x− a||22 ≤ θ2||x− b||22}
= {x|(x− a)T (x− a) ≤ θ2(x− b)t(x− b)}
= {x|xTx+ aTa− 2aTx ≤ θ2xTx+ bT b− 2bTx}
= {x|(1− θ2)xTx− 2(aT − θ2bT )x+ aTa− θ2bT b ≤ 0}

This is rewritten as an euclidean ball

{x|(x− c)T (x− c) ≤ r2}

c =
a− θ2b
1− θ2

r =

√(
θ2||b||22 − ||a||22

1− θ2
− ||c||22

)

Hence, Convex .
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2.28

n = 1: x1 ≥ 0
n = 2:

vTXv =
[
v1 v2

] [x1 x2
x2 x3

] [
v1 v2

]
= x1v

2
1 + 2x2v1v2 + x3v

2
2

= x1
v1
v2

2
+ 2x2

v1
v2

+ x3

= x1t
2 + 2x2t+ x3 Let t =

v1
v2

when v2 6= 0

Since vTXv ≥ 0, we have x1t2 + 2x2t+ x3 ≥ 0 ∀t. Also when v2 = 0, vTXv = x1v
2
1 and hence x1 ≥ 0.

Now, for x1t2 + 2x2t+ x3 ≥ 0, we have

4x22 ≤ 4x1x3

or x1x3 ≥ x22. We already have x1 ≥ 0 =⇒ x3 ≥ 0.

x1 ≥ 0, x3 ≥ 0, x1x3 ≥ x22

n = 3:

vXv = x1v
2
1 + 2x2v1v2 + 2x3v1v3 + x4v

2
2 + 2x5v2v3 + x6v

2
3

If x1 = 0 then, x2 = 0 and x3 = 0. Also from n = 2 case for X < 0, we have[
x4 x5
x5 x6

]
< 0

which requires

x4 ≥ 0;x6 ≥ 0;x4x5 ≥ x26
.
When x1 6= 0, we re write it as:

vTXv = x1(v1 +
x2
x1
v2 +

x3
x1
v3)

2 + (x4 −
x22
x1

)v22 + 2(x5 −
x2x3
x1

)v2v3 + (x6 −
x23
x1

)z23

2.28 continued on next page. . . Page 6 of 10
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For vTXv ≥ 0, x1 ≥ 0. Also,

[
x4 − x2

2

x1
x5 − x2x3

x1

x5 − x2x3

x1
x6 − x2

3

x1

]
< 0

which following the n = 2 case requires:

x4 −
x22
x1
≥ 0;x6 −

x23
x1
≥ 0; (x4 −

x22
x1

)(x6 −
x23
x1

) ≥ (x5 −
x2x3
x1

)2

In totality,

x1 ≥ 0

x2 ≥ 0

x3 ≥ 0

x4x1 ≥ x22
x6x1 ≥ x23
x4x6 ≥ x25

(x4 −
x22
x1

)(x6 −
x23
x1

) ≥ (x5 −
x2x3
x1

)2

3.2

The first curve cannot be convex as along the marked directions in Figure 1, it is not convex. It is quasiconvex
as the sublevels are convex.
The second curve appears to be concave.

Page 7 of 10



Saket Choudhary EE-588 : Homework # 1 3.2

in
e
q
u
al
it
ie
s

一 d
if
fe
re
n
ti
ab
le
.

U
se

th
e

re
su
lt

in 冖 c
)
to sh
o
w

、 、 冖 a
)

Ⅳ 0 a
n
d

一 e 、 a
s

丶 、 a
n
d

q
u
a
st
co
n
ca
v
e

C o
n

S
o
m
e

le
v
e
l

se
ts

乛 a
re o
w
n

b
e
lo
w
.

T
h
e

cu
rv
e

la
b
e
le
d

1 sh
o
w
s

宀 一 f(
r)

I}
,

e
tc
.

3
2

1

9 cu
rv
e
s

、 。 冖 sh
o

9 日 , b
e
lo
w
.

0 一 q 一 3
0
, e
x

一 q 一 0
0
0
8

, 0 一 ~ E
xp
la
in

Y
0
0

、 、 w
e

、 、 R
e
p
e

Figure 2: Problem 3.2
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3.3

Since f : R −→ R iis increasing and convex on (a, b), its inverse g = f−1 will also be increasing in (f(a), f(b)).
This can be proved as follows:
For a < x < b and a < y < b, let x < y without any loss of generality AND as f : R −→ R, i.e. the range and
domain is R.

x < y ⇐⇒ f(x) < f(y)

g(x) < g(y)⇐⇒ g(f(x)) < g(f(y))

Hence x < y ⇐⇒ g(x) < g(y).
Consider x, y ∈ R and 0 ≤ θ ≤ 1. Define:

s :− g(θu+ (1− θ)v)
t :− θg(u) + (1− θ)g(v)

Now, since f(x) is convex, for :

f(s) = f(g(θu+ (1− θ)v))
= θu+ (1− θ)v
= θf(g(u)) + (1− θ)f(g(v))
≥ f(θg(u) + (1− θ)g(v)) Since f(x) is convex

= f(t)

As f is increasing in R, f(s) ≥ f(t)⇐⇒ s ≥ t, i.e.,

g(θu+ (1− θ)v ≥ θg(u) + (1− θ)g(v)

Thus g(x) : R −→ R is Concave .
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Additional Exercise

Let S = {a ∈ Rk|p(0) = 1, |p(t)| = 1∀α ≤ t ≤ β}

{a ∈ Rk|p(0) = 1, |p(t)| = 1∀α ≤ t ≤ β} = {a ∈ Rk|p(0) = 1} ∩ {a ∈ Rk||p(t)| = 1∀α ≤ t ≤ β}

Define set S1 = {a ∈ Rk|p(0) = 1} and St2 = {a ∈ Rk||p(t)| = 1∀α ≤ β}. S1 contains all points a ∈
Rk|p(0) = 1} with the first component a1 = 1 which is convex.
Set S2 can be further decomposed as follows:

{a ∈ Rk||p(t)| = 1∀α ≤ β} = ∩t∈[α,β]{a ∈ Rk||p(t)| ≤ 1}

From 2.12, {a ∈ Rk||p(t)| ≤ 1} is a slab and convex and intersection of convex sets is convex, making S(t)
2

convex.

Since S = S1 ∩ S(t)
2 and both S1 and S2 are convex, thus S is convex.
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