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2.5

The distance beween hyperplances {z € R"|a”z = b;} and {z € R"|aT2z = by} is given by the distance
between the points of intersection of the normal ™ with its points of intersection at these two hyperplanes
respectively. The points of intersection of a line from the origin to the hyperplane that is parallel to a is given by

T = ﬁa and x5 = HZ—T‘%a respectively. The corresponding distance between them is:

dist(x1,x2) = ||z1 — 22]|2
_ [b1 = by
= g 1
_ b1 = b
B |lall2

2.7

Let .S = {x [ [[z — allz <]z — bl|2}

|z —alla < [lz —bl]2
= |lz —all3 < |lz - blI3
(x—a)T(z —a) = (z—b)T(x —b)
2(b—a)Tx <b'b —a”
sTa <t wheres=2(b—a)t=0b"b—a"a

sTx < tis a halfspace. See below figure for interpretation.
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Figure 1: Problem 2.7. Geometric interpretation> The hyperplane has a normal in the direction of b — a and
contains points that are equidistant from both a and b.
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2.12

(a) Slab is intersection of two half space a”« < 3 and a”x > a which are both convex. Hence, .

(b) Similar to part (a), rectangle is alos intersection of two convex sets and hence .

C imilar to parts a) an , weage Is intersection of two hal spaces aj; r < 1and as x < o an ence
(c) Simil (a) and (b), wedge is i ion of two half Ty < by and alz < by and h
[Comex]

(d) forafixedy, ||z — zo]| < ||z — y|| is a convex set. The set of close points closer to a given point z, than
the set is given by the intersection of sets Nyes{z | ||z — zo|| < ||z — y||} and hence .

(e) Take a simple set S = {—1,1} and a single point set T" = {0}. now the set {xz|dist(x, S) < dist)(z,T) is
given by = > 1/2 or x < —1/2 which is non-convex. hence .

(f) 24+ S3 C 51 < x+ 59 C S1Vsy € 5.

{z|z + Sy C S1}
= Nses{z|z + 52 C 51}
= Nses, {7l C 51 — 52}
= Ns,e5,{51 — s2}

Thus {z|z 4+ S3 C S1} is an intersection of convex set S — so and hence .

()

{zll|lz = all2 < Ol|lz - bl|2}
= {zll]z — all3 < 6°||z - b]|3}
= {zl(z — a)"(z — a) < 0*(z — b)'(z — b)}
= {z|2Tz+aa - 2a"x < O%xTx +bTb— 2672}

= {z](1 — 6*)zTz — 2(a” — 0*0T)z + aTa — 6°07b < 0}

This is rewritten as an euclidean ball

{zl(z — )T (z — ) <r?}
a— 6%b
1—962

211013 — [lal
=¢( 2 —llells ey

CcC =

Hence, .
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N
N
©

33
[
N

v Xv = [v1 o] [2 zj [v1 2]

2 2

= 7107 + 2220102 + 2305
V12 V1

=z — +229— + 23
V2 V2

:$1t2+2$2t+$3 Lett = EWher'l V2 #0
V2

Since vT Xv > 0, we have z,t? + 25t + 23 > 0 V. Also when vy = 0,97 Xv = 2,07 and hence z; > 0.
Now, for z1t2 + 2zt + 3 > 0, we have

41‘% S 4.%‘11‘3

or z1w3 > x3. We already have x; > 0 = z3 > 0.

x> 0,23 > 0,213 > 23

Xy = zlv% + 2zov1v9 + 2230103 + :mw% + 2x5v9v3 + xgvg

If xt1 = 0then, zo = 0 and x3 = 0. Also from n = 2 case for X >= 0, we have

x X

[ 4 5] -0

Is Te
which requires

x4 > 0;26 > 0; 2475 > 23

When z; # 0, we re write it as:

2 2
T - T ToT T

oI Xv = x1(v1 + =2 vg + =3 v3)2 + (x4 — =2 )vg + 2(x5 — 273 Yvavs + (a6 — —3)z§
1 1 1 1 Ty
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2.28 (continued)

For vT Xv > 0, z; > 0. Also,

R
which following the n = 2 case requires:
2 2 2 2
x5 z3 x5 T35 ToT3 o
ry — —= 2026 — = 205 (x4 — —=)(x6 — =) > (w5 — )
1 T 1 1 T
In totality,
T Z 0
To Z 0
Tax1 > 13
Tl > x%
T4l > xg
2 2
L 3 T2X3 9
Ty — —=)(r6 — —) = (T5 —
(2 = 2o = 22 2 (a5 =

The first curve cannot be convex as along the marked directions in Figure 1, it is not convex. It is quasiconvex

as the sublevels are convex.
The second curve appears to be concave.
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Figure 2: Problem 3.2
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3.2

3.3

Since f : R — Riis increasing and convex on (a, b), its inverse g = f~* will also be increasing in (f(a), f(b)).

This can be proved as follows:

Fora <z <banda <y < b, let z < y without any loss of generality AND as f : R — R, i.e. the range and

domain is R.

r<y<= f(z) < f(y)
g(x) < g(y) <= g(f(x)) < g(f(y))

Hence z < y <= g(x) < g(y).
Consider z,y € Rand 0 < 6 < 1. Define:

s—gBu+ (1—0)v)
t:—0g(u)+(1—0)g(v)

Now, since f(z) is convex, for :

f(s) = f(g(Ou+ (1= 0)v))

=60u+(1-0)v

=0f(9(u)) + (1 =0)f(g(v))

> f(0g(u) + (1 —0)g(v)) Since f(x) is convex
= f(t)

As fisincreasingin R, f(s) > f(t) <= s > t,i.e,

g9(0u+ (1 = 0)v = Og(u) + (1 - 0)g(v)

’Thus g(z) : R — R is Concave ‘
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Additional Exercise

Let S = {a € R¥[p(0) = 1, |p(t)| = 1Va < t < 5}

{a e R¥|p(0) = 1, |p(t)| = IVa < t < B} = {a € RF|p(0) = 1} N {a € R¥||p(t)| = IVa < t < B}

Define set S1 = {a € R¥|p(0) = 1} and S5 = {a € R¥||p(t)] = 1Va < B}. S; contains all points a €
R*|p(0) = 1} with the first component a; = 1 which is convex.
Set S, can be further decomposed as follows:

{a € R¥[|p(t)] = 1Va < B} = Nieja,a{a € R[|p(t)] < 1}
From 2.12, {a € R¥||p(t)] < 1} is a slab and convex and intersection of convex sets is convex, making Sét)
convex.

Since S=51N Sét) and both S; and S are convex, thus S is convex.
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